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Abstract

We introducea framework, called“physicomimetics,” that providesdistributedcontrol of large collectionsof

mobilephysicalagentsin sensornetworks. Theagentssenseand react to virtual forces,which are motivated

by natural physicslaws. Thus,physicomimeticsis foundeduponsolid scienti�c principles. Furthermore, this

frameworkprovidesaneffectivebasisfor self-organization,fault-tolerance, andself-repair. Threeprimary factors

distinguishour framework from others that are related: an emphasison minimality (e.g., costeffectivenessof

large numbers of agentsimpliesa needfor expendableplatformswith few sensors), easeof implementation,and

run-timeef�ciency. Examplesare shownof how this framework hasbeenappliedto constructvariousregular

geometriclattice con�gurations (distributed sensinggrids), as well as dynamicbehaviorfor perimeterdefense

and surveillance. Analysesare providedthat facilitate systemunderstandingand predictability, including both

qualitativeandquantitativeanalysesof potentialenergyanda systemphasetransition.Physicomimeticshasbeen

implementedboth in simulationand on a teamof sevenmobilerobots. Speci�csof the robotic embodimentare

presentedin thepaper.

Keywords:swarmrobotics,physicomimetics,self-organization,fault-tolerance,predictability, formations.



1. Intr oduction

Thefocusof ourresearchis to designandbuild rapidlydeployable,scalable,adaptive,cost-effective,androbust

networksof autonomousdistributedvehicles.Thiscombinessensing,computationandnetworking with mobility,

therebyenablingdeployment,self-organization,andrecon�gurationof themulti-agentcollective. Our objective

is to provide ascienti�c, yetpractical,approachto thedesignandanalysisof aggregatesensorsystems.

Thegeneralpurposefor deploying tensto hundredsof suchagentscanbesummarizedas“volumetriccontrol.”

Volumetriccontrolmeansmonitoring,detecting,tracking,reporting,andrespondingto environmentalconditions

within a speci�ed physicalregion. This is donein a distributedmannerby deploying numerousvehicles,each

carryingoneor moresensors,to collect,aggregate,andfusedistributeddatainto a tacticalassessment.Theresult

is enhancedsituationalawarenessandthepotentialfor rapidandappropriateresponse.Our objective is to design

fully automated,coordinated,multi-agentsensorsystems.

The teamvehiclescouldvary widely in type,aswell assize,e.g.,from nanobotsor micro-electromechanical

systems(MEMS) to micro-air vehicles(MAVs) andmicro-satellites.An agent's sensorsperceive theworld, in-

cludingotheragents,andanagent's effectorsmakechangesto thatagentand/ortheworld, includingotheragents.

It is assumedthatagentscanonly senseandaffectnearbyagents;thus,akey challengehasbeento design“local”

controlrules.Not only dowewantthedesiredglobalbehavior to emergefrom thelocal interactionbetweenagents

(self-organization),but wealsorequirefault-tolerance,thatis, theglobalbehavior degradesverygraduallyif indi-

vidualagentsaredamaged.Self-repairis alsodesirable,in theeventof damage.Self-organization,fault-tolerance,

andself-repairarepreciselythoseprinciplesexhibited by naturalphysicalsystems.Thus,many answersto the

problemsof distributedcontrolcanbefoundin thenaturallaws of physics.

Thispaperpresentsa framework, called“physicomimetics”or “arti�cial physics”(AP), for distributedcontrol.

We usetheterm“arti�cial” (or virtual) becausealthoughwe aremotivatedby naturalphysicalforces,we arenot

restrictedto them[45]. Althoughtheforcesarevirtual, agentsact asif they werereal. Thustheagent's sensors

2



mustseeenoughto allow it to computethe force to which it is reacting.The agent's effectorsmustallow it to

respondto thisperceivedforce.

Weseetwo potentialadvantagesto this approach.First, in therealphysicalworld, collectionsof smallentities

yield surprisinglycomplex behavior from very simpleinteractionsbetweentheentities.Thusthereis a precedent

for believing thatcomplex control is achievablethroughsimplelocal interactions.This is requiredfor very small

agents,since their sensorsand effectorswill necessarilybe primitive. Second,sincethe approachis largely

independentof thesizeandnumberof agents,theresultsscalewell to largeragentsandlargersetsof agents.

ThreeprimaryemphasesdistinguishtheAP framework from othersthatarerelated:minimality, easeof imple-

mentation,andrun-timeef�ciency. First, AP formationsareachieved with a minimal setof sensorsandsensor

information.Therationalefor thisemphasisis thatit will: (1) reduceoverall vehiclecost,(2) enablephysicalem-

bodimentwith smallagents,and(3) increasevehiclestealthinessif sensingis active. Second,thepaperpresents

theoreticalresultsthat translatedirectly into practicaladviceon how to setsystemparametersfor desiredswarm

performance.This makestherobotic implementationstraightforward. Third, AP is designedto becomputation-

ally ef�cient. Therefore,we avoid physics-basedmulti-agentalgorithmssuchas[32], which computepotential

�elds andthentransformto forcesat run-time.Instead,AP computesforcesonly at run-time.

The paperis organizedas follows. First, we presentthe generalAP framework, which is currently based

on Newtonianphysics,but is extendibleto othertypesof physics.Then,a sequenceof examplesshows how the

frameworkhasbeenappliedto constructavarietyof bothstaticanddynamicmulti-agentformationsandbehaviors.

This includesregulargeometriclatticesfor distributedsensing,aswell asdynamicbehaviors for surveillanceand

perimeterdefense.Fault-toleranceandself-repairareaddressedin thecontext of theseapplications.Theoretical

analysesare provided that facilitate deepersystemunderstandingand predictability, including qualitative and

quantitative analysesof a systemphasetransitionand of systempotentialenergy. Then, detailsare provided

regardingthe physicalimplementationof AP on a teamof seven robotswith minimal sensingcapabilities.We

concludewith discussionsof relatedandfuturework.
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2. The PhysicomimeticsFramework

ThebasicAP framework is elegantlysimple. In essence,virtual physicsforcesdrive a multi-agentsystemto

a desiredcon�guration or state.Thedesiredcon�guration (state)is onethatminimizesoverall systempotential

energy. In essence,thesystemactsasa moleculardynamics(
�

�����

�

� ) simulation.

At an abstractlevel, AP treatsagentsas physicalparticles. This enablesthe framework to be embodiedin

vehiclesrangingin size from nanobotsto satellites. Particlesexist in two or threedimensionsand arepoint-

masses.Eachparticle � hasposition
�

� andvelocity
�

	 . We usea discrete-timeapproximationto the continuous

behavior of thesystem,with time-step
�� . At eachtimestep,thepositionof eachparticleundergoesaperturbation




�

� . Theperturbationdependson thecurrentvelocity, i.e., 


�

�

�

�

	


�� . Thevelocity of eachparticleat eachtime

stepalsochangesby 


�

	 . Thechangein velocity is controlledby the forceon theparticle,i.e., 


�

	

�

�

�


���


�

,

where
�

is themassof thatparticleand
�

�

is the forceon thatparticle.1 A frictional force is included,for self-

stabilization.This is modeledasa viscousfriction term,i.e., theproductof a viscositycoef�cient andtheagent's

velocity (independentlymodeledin thesamefashionby Howardetal. [23]).

We requirethat AP mapeasilyto physicalhardware,andour modelre�ects this designphilosophy. Particle

massallows our simulatedrobotsto have momentum.Robotsneednot have thesamemass.Thefrictional force

allows usto modelactualfriction, whetherit is unavoidableor deliberate.With full friction, therobotscometo a

completestopbetweensensorreadingsandwith no friction therobotscontinueto move asthey sense.Thetime

step 
�� re�ects the amountof time the robotsneedto performtheir sensorreadings. If the time stepis small

the robotsget readingsfrequently, whereasif the time stepis large readingsareobtainedinfrequently. We have

alsoincludeda parameter
�������

, which restrictsthemaximumforcefelt by a particle. This providesa necessary

restrictionon theaccelerationa robotcanachieve. Also, a parameter�

�����

restrictsthevelocity of theparticles,

which is very importantfor modelingrealrobots.

1 � and � denotethemagnitudeof vectors �

� and
�

� .

4



Althoughour framework doesnot requirethem,our designphilosophyre�ects further real-world constraints.

The�rst is thatAP beasdistributedaspossibleandthesecondis thatwe requireaslittle informationaspossible.

To this end,we assumethatsensorsareminimal in informationcontentandthat thesensors(passive andactive)

areextremelylocal in nature.Occasionallywe have to rely on very smallamountsof global informationand/or

control,but this is doneasinfrequentlyaspossible.If real-world systemshave a richersuiteof information,we

cantake advantageof it, but we do not rely on thatinformationfor thesystemto function.

Dueto theparticle-like natureof oursimulation,oneimportantaspectof therealworld is notmodeled,namely,

collisionsof robotswith otherrobotsor objectsin theenvironment.This wasa deliberatedesigndecision,since

we wantedAP to beasplatformindependentaspossible.Oncea physicalplatformis selected,thataspectof the

simulationmustbe modeledseparately, anda lower-level algorithmis responsiblefor collision avoidance.For

example,with small physicalrobots,gentlecollisionscanbe toleratedanddealtwith by usingsimplebumper

sensorsandroutines.However, with MAVs, collisionsmustbeavoided. TheAP framework canavoid collisions

throughstrongrepulsive forces,but if additionalguaranteesarerequiredthenthey mustbemodeledseparately.

Also, we do not modelthebehavioral dynamicsof theactualrobot. Althoughour robotscanstopandturn on

a dime,otherplatforms,suchasMAVs, maynot have this capability. AP is an algorithmthatdetermines“way

points”for thephysicalplatforms.Lower-level softwareis necessaryto controlthemovementof therobotstoward

theirdesiredlocations.

Given a setof initial conditionsandsomedesiredglobal behavior, it is necessaryto de�ne what sensors,ef-

fectors,andlocal force laws arerequiredfor the desiredbehavior to emerge. This is explored, in the next few

sections,for a varietyof staticanddynamicmulti-agentcon�gurations. Our implementationwith robotsis dis-

cussedin Section7.
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3. HexagonalLattices

Theexampleconsideredin thissectionwasoriginally inspiredby anapplicationthatrequiredaswarmof MAVs

to form a hexagonallattice,thuscreatinga distributedsensinggrid [25]. Suchlatticescreatea virtual antennaor

syntheticapertureradarto improve radarimageresolution.

3.1 DesigningHexagonalLattices

SinceMAVs (or othersmall agentssuchasnanobots)will have simplesensorsandprimitive CPUs,our goal

wasto providethesimplestcontrolrulesrequiringminimalsensorsandeffectors.At �rst blush,creatinghexagons

appearsto besomewhatcomplicated,requiringsensorsthatcancalculatedistance,thenumberof neighbors,their

angles,etc. However, only distanceandbearinginformationis required.To understandthis, recall anold high-

schoolgeometrylessonin which six circles of radius � can be drawn on the perimeterof a centralcircle of

radius� . Figure1 illustratesthisconstruction.If theparticles(shown assmallcircularspots)aredepositedat the

intersectionsof thecircles,they form ahexagonwith aparticlein themiddle.

�

�

��

��

�

Figure 1. Six cir cles can be drawn on the perimeter of a central cir cle, forming a hexagon at the
inter section of the cir cles.

Theconstructionindicatesthathexagonscanbecreatedvia overlappingcirclesof radius � . To mapthis into

a force law, imaginethat eachparticle repelsother particlesthat are closerthan � , while attractingparticles

that arefurther than � in distance.Thuseachparticlehasa circular “potential well” arounditself at radius �

– andneighboringparticleswill be separatedby distance� . The intersectionof thesepotentialwells is a form

of constructive interferencethatcreates“nodes”of low potentialenergy wheretheparticlesarelikely to reside.
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Thenodesarethesmallcircularspotsin theprevious �gure. Thustheparticlesserve to createthevery potential

energy surfaceto which they areresponding.Note that the potentialenergy surfaceis never actuallycomputed

by the robots. Robotsonly computelocal force vectors.Potentialenergy is only computedfor visualizationor

mathematicalanalysis.

With this in mind we de�ned a force law
� ��� ��� ���


��	� , where
��
 � �����

is the magnitudeof the force

betweentwo particles� and � , and � is the distancebetweenthe two particles.The variable
 is a user-de�ned

power, which rangesfrom -5.0 to 5.0. When 


�������

the force law is constantfor all distances.Unlessstated

otherwise,we assume


�������

and
� ����� ���

in this paper. Also,
�����������

for all particles.The“gravitational

constant”
�

is setat initialization. The force is repulsive if ��� � andattractive if ��� � . Eachparticlehas

onesensorthatcandetectthedistanceandbearingto nearbyparticles.Theoneeffectorenablesmovementwith

velocity 	




�

�����

. To ensurethattheforcelawsarelocal,weallow particlesto senseonly theirnearestneighbors.

In a perfecthexagon,nearestneighborsare � away, andnext nearestneighborsare � � � away. Hence,particles

have avisualrangeof only
�����

� .

Figure2 shows themagnitudeof the force
�

, when �

� ���

,
� �

1,200,


�!�

, and
�

�����
�"�

(thesystem

defaults). Therearethreediscontinuitiesin the force law. The �rst occurswherethe force law transitionsfrom

�
�����

to
� �#� �$� ���


��%� . Thesecondoccurswhentheforcelaw switchesfrom repulsive to attractive at � . The

third occursat
�����

�'&

�)(��+*

, whentheforcegoesto 0.

Theinitial conditionsarealsoinspiredby theMAV application.TheMAVs arereleasedfrom acanisterdropped

from a plane, then they propel outward (due to repulsive forces)until the desiredgeometriccon�guration is

achieved. A two-dimensionalGaussianrandomvariable(variance,.- ) initializes the positionsof all particles.

Their velocitiesareinitialized to 0.0,althoughtheframework doesnot requirethis. An exampleinitial con�gura-

tion for /

�0���1�

particlesis shown in Figure3 (left). The200particlesmove for 1,000timesteps,usingthisvery

simpleforcelaw (seeFigure3, right). For �

�

50,
� �

1,200providesgoodresults.Thesevaluesremain�x ed

throughoutthispaperunlessstatedotherwise.
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Figure 3. Initiall y, the par tic les are assumed to be in a tight cluster ��� 0 (left). Then par tic les repel
and after 1,000 time steps form a good hexagonal lattice (right).

Therearea numberof importantobservationsto make aboutFigure3 (right). First, a reasonablywell-de�ned

hexagonallatticehasbeenformedfrom the interactionof simplelocal force laws that involve only thedetection

of distanceandbearingto nearbyneighbors.Thehexagonallatticeis not perfect– thereis a �a w nearthecenter

of the structure. Also, the perimeteris not a hexagon,althoughthis is not surprising,given the lack of global

constraints.However, many hexagonsare clearly embeddedin the structureand the overall structureis quite

hexagonal.Second,eachnodein thestructurecanhave multipleparticles(“a cluster”).Clusteringis anemergent

propertythat providesrobustness,becausethe disappearance(failure) of individual particlesfrom a clusterwill

have minimaleffect. Clusteringdependson thevalueof
�

, whichweexplorelaterin thissection.

Theformationshown in Figure3 (right) is stable,anddoesnot changeto any signi�cant degreeas � increases

past1,000.Thedynamicsof thesystem( � � 1,000)is fascinatingto watch,yet is hardto simplyconvey in apaper.

8



As opposedto displayingnumeroussnapshots,we insteadmeasurewell-de�ned characteristicsof thesystemat

every timestep.Thesecharacteristicsprovide usefulinsightsinto thesystemdynamics.

3.2 Evaluating Lattice Quality

The�rst characteristicweconsideredwasorientationerror, in thesensethattheorientationof thelatticeshould

bethesameeverywhere.To measurethischaracteristic,chooseany pair of particlesseparatedby
�

� . Weuse
�

�

insteadof � to smoothout local noise,sincewe careaboutglobalerror. Speci�cally, two particlesareseparated

by
�

� if
�������

���0� �

�����+�

� . Thesetwo particlesform a line segment.Thenchooseany otherpair of particles

separatedby
�

� , forminganotherlinesegment.Measuretheanglebetweenthetwo linesegments.Forahexagonal

lattice,thisangleshouldbecloseto somemultipleof �

���

. Theerror is theabsolutevalueof thedifferencebetween

theangleandtheclosestmultiple of 60. Themaximumerror is �

���

andtheminimumis
���

. To evaluatelattice

quality, weaveragedtheerrorover all distinctpairsof particlepairs.

Sinceerrorrangesfrom
�

�

to �

�
�

, theaverageerrorat �

� �

is
� �

�

. Thentheerrordecreases– therateatwhich

thedecreaseoccursindicateshow quickly thesystemis stabilizing.For this system,theerrordecreasessmoothly

until �

�#���1�

, resultingin a �nal errorof
���

�

�

over thewholestructure(averagedover 40 independentruns,with

,

�

�

�

�

�

). Furtherimprovementscanbeachievedby graduallyreducingfriction astime progresses.

3.3 Observing a Lattice PhaseTransition

The secondcharacteristicwe consideredwasthe sizeof clustersat the lattice nodes.For eachparticle � we

countedthenumberof particlesthatwerecloseto � (
�

� � �

�����

� ). We alwaysincludedtheparticle � itself, so

theminimumclustersizeis 1.0. This wasaveragedover all particlesanddisplayedfor every time step(Figure4,

left). At �

� �

particlesareclosetogether, yieldingahighclustering.Theparticlesthenseparate,dueto repulsion,

so that by �

�

� the particlesareapart. However, after �

�

� clustersre-emerge, with a �nal clustersizeof

roughly2.5. The re-emergenceof clustersservesto lower the total potentialenergy of the system,andthesize
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of there-emergedclustersdependson
�

, � , andthegeometryof thesystem.We summarizehereoneinteresting

experimentwith
�

. We continuedthepreviousexperiment,evolving thesystemuntil �

�

2,500.However, after

�

�

1,000,
�

is loweredby
�����

at every timestep.Theresultsareshown in Figure4 (right).
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Figure 4. Initiall y, the par tic les have many nearb y neighbor s. Then the par tic les repel and separate
at � � 6. As the hexagonal lattice forms, some par tic les form small cluster s at the nodes of low
potential energy ��� 10 (left). After 1,000 time steps � is decreased linearl y. At � � 2,200 ( ��� 700),
the small cluster s sud denl y separate again, sho wing a phase transition (right). Note that the y­axis
scale is diff erent in the two graphs.

We expectedthe averageclustersize to linearly decreasewith
�

, but in fact the behavior was much more

interesting.Theclustersizeremainedrelatively constant,until �

�

2,000(
� �)( �1�

). At thispoint theclustersize

dramaticallydroppeduntil �

�

2,200(
� �

�

�1�

), wheretheparticlesareseparated(clustersizeis one). This is

verysimilar to aphasetransitionin naturalphysics,e.g.,from asolid to a liquid.

3.4 Analysisof the PhaseTransition

A primary objective of our researchis to modelandanalyzemulti-agentbehavior, thusenablingpredictions

and,if needed,corrections.Complex, evolving multi-agentsystemsarenotoriouslydif�cult to predict. It is quite

disconcertingwhenthey exhibit anomalousbehaviors for which thereis noexplanation.BecauseAP is built upon

fundamentalphysicsprinciples,it canbemodeledandanalyzedusingtraditionalphysicstechniques,thusleading

to explanatoryphysics-basedlaws.
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Considerthecaseof theobserved phasetransitionjust described.We �rst conducteda qualitativeanalysisof

this transition. In particular, we exploredmathematicalvisualizationsof thevirtual potentialenergy (PE) �elds.

By de�nition, �

���

���

�

�����

�

	 , where � is the traditionalvariableusedfor PE. This line (path) integral is a

measureof thework doneby avirtual particle to getto somepositionin theforce�eld.

A line integral may be usedto calculatePE if the force is (or is approximately)conservative becausein that

casethework to get from point � to point 
 is independentof thepathtaken. Theforce�eld is conservative if its

curl (a measureof rotationof thevectorforce�eld neara point) is zero.Dueto theradialsymmetryof our force

law, thecurl is zeroeverywhere,andthePE�eld is meaningful.

Figure 5 (left) illustratesthe PE �eld for a systemof seven particlesthat have stabilizedinto a hexagonal

formation(
� �

1,200).LightershadingrepresentshighpositivePE,while blackrepresentslow (zeroor negative)

PE.It is importantto realizethatthePE�eld shown doesnot illustratethestabilityof thesevenparticles,becauseit

is not from thepointof view of any of thosesevenparticles.Indeed,it is possibleto constructsuch�eld diagrams,

andthey show thatall sevenparticlesarevery stable.However, Figure5 (left) illustrateswhatwould happenif a

new eighthvirtual particlewerebroughtinto thesystem.Thus,thePE�eld is from thepointof view of thatvirtual

particle,andthePEateach( ����
 ) positionis computedfrom thepointof view of avirtual particleat thatposition.

Positive PEindicatesthatwork is requiredto pushthevirtual particleto thatposition.Negative PEindicatesthat

work is requiredto pushthevirtual particleawayfrom thatposition.A virtual particleplacedin this �eld moves

from regionsof high PEto low PE.For example,considerthecentralparticle,which is surroundedby a region of

low PE.A virtual particlethat is closeto thecentralparticlewill staynearthatcenter. Thusthecentralparticle

is in a PEwell thatcanattractanotherparticle. This is not surprising,sincewe showedearlierthata
�

of 1,200

resultsin clustering.

Now lower
�

to 800. Figure5 (center)illustratesthePE�eld. While thecentralPEwell is not aslarge asit

waspreviously, it canstill attractanotherparticle. Finally, lower
�

to 600(Figure5, right). ThecentralPEwell

no longerexists. Thecentralparticleis now surroundedby regionsof lower PE– thusa virtual particlenearthe
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Figure 5. The PE �eld when � � 1,200 (left), � � 800 (mid dle), and � � 600 (right), for a system
of seven par tic les. The PE �eld at each ����� position is computed from the point of view of a
vir tual par tic le at that position. Bright areas represent areas of positive potential energy, while black
represents negative potential energy. A potential well surr ounds the central par tic le for ��� 800 but
that well disappear s when ��� 600.

centralparticlewill moveaway from thatparticle.A phasetransitionhasoccurredandclusteringceases.

Visualizationof thePE�eld hasled to anunderstandingof whythebehavior of thedynamicalsystemexhibits

aphasetransition.Largeforcesresultin deeppotentialwells,allowing particlesto form verystablesensinggrids,

with multiple particlesclusteringat nodesof low PE.In this situationthe formationactslike a solid. Thephase

transitionoccurswhenthepotentialwells disappear. At this point, theforcesthatpromoteclusterfragmentation

arestrongerthantheforcesthatpromoteclustercohesion.In thissituationtheformationactslike a liquid.

Wehave now setthestagefor aquantitativeanalysisof thephasetransition.In particular, wewantto calculate

thevalueof
�

(in termsof otherparametersettings)wherethephasetransitionwill occur. Basedonthequalitative

analysis,we deriveda standardbalanceof forceslaw to predictthephasetransition.This quantitative law states

that the phasetransitionwill occurwhenthe cohesionforce, which keepsa particlewithin a cluster, equalsthe

fragmentationforce, which repelstheparticlefrom thecluster[19]. To specifythis law, it is necessaryto derive

theexpressionsfor theseforces.

Figure5 (right) indicatesthataparticleplacednearthecentralparticlewill escapealongtrajectoriesthatavoid
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theperimeterparticles.Thishasbeencon�rmedvia observationof thesimulation.Wedepicttheseescapepathsin

Figure6. In this �gure, therearetwo particlesat thecenterof theformation,andoneparticleeachat theperimeter

nodes.Labeloneof the two particlesin the centeras“A.” Due to symmetry, without lossof generalitywe can

focusonany of theescapepathsfor particleA. Let usexaminetheescapepathsalongthehorizontalaxis.Particle

A canbeexpelledalongthis axisby theothercentralparticle,which exertsa repulsive forceof
� �����

(because�

is small).Therefore,thefragmentationforceuponparticleA is
� �����

.

�

���

�

� �

�

� �

�

���

� �

�

�

�

��

��

�

Figure 6. If two par tic les are at the center of a hexagon formation, one par tic le can escape along any
of the six paths directed between the outer par tic les.

Next, we derive anexpressionfor thecohesionforceon A. ParticleA is heldnearthecenterby theperimeter

particles. Without lossof generalitywe againfocuson the horizontalaxis. Considerthe force exertedby the

four perimeterparticlesclosestto thehorizontalaxis,on particleA. If A movesslightly to theright (or left), two

particleswill pull A backto thecenter(attraction),while two particleswill pushA backto thecenter(repulsion).

All four particlescontribute to thecohesionof thecentralcluster. For eachparticle,themagnitudeof this force

is
�


 � � . Theprojectionof this forceon thehorizontalaxis is � � 


�

timesthemagnitudeof this force– because

the anglebetweenthe chosenperimeterparticlesandthe horizontalaxis is �

� �

. Sincetherearefour perimeter

particlesexertingthis force(theremainingtwo haveaforceof 0 afterprojection),wemultiply thisamountby four

to geta total cohesionforceof
�

� �

�


 � � .

Whenthecohesionforce is greaterthanthe fragmentationforce, thecentralclusterremainsintact. Whenthe

fragmentationforce is greater, thecentralclusterseparates.Thephasetransitionoccurswhenthe two forcesare

in balance:
� ����� � �

� �

�


 � � . Thusthephasetransitionwill occurwhen
� � � �����

� � 


�

� � . We denotethis
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valueof
�

as
���

. Thusourphasetransitionlaw is:

��� �

� �����

� �

�

� �

We testedthis law for varying valuesof � ,
� �����

, and 
 . The resultsareshown in Table1, averagedover

10 independentruns,with /

� ���1�

. Thesystemevolveduntil equilibriumwith a high valueof
�

. Then
�

was

graduallylowered.Clustersizewasmonitored,andwenotedthevalueof
�

whentheaverageclustersizedropped

below 1.5. Theobservedvaluesareverycloseto thosethatarepredicted(within 6%),despitetheenormousrange

in the magnitudeof predictedvalues(approximatelyfour orders). The varianceamongruns is low, with the

normalizedstandarddeviationbeinglessthan5.7%.

Table 1. The predicted/obser ved values of ��� for diff erent values of � , � , and �
��	��

. The three
columns under �

��	�� have � � 2. The three columns under � have �
�
	��

� 1. The predicted values
are very close to those that are obser ved.

�
�����




� 0.5 1.0 2.0 1.5 2.0 3.0
25 90/87 180/173 361/342 36/35 902/874 4,510/4,480
50 361/355 722/687 1,440/1,430 102/96 5,100/5,010 36,100/35,700
100 1,440/1,410 2,890/2,840 5,780/5,630 289/277 28,900/28,800 289,000/291,000

Theseresultsindicatethatwe have a verygoodpredictorof
���

, which incorporatesthemostimportantsystem

parameters
 , � , and
�

�����

. Notice that / (the numberof particles)doesnot appearin our law. The phase

transitionbehavior is largely unaffectedby / , dueto thelocal natureof theforcelaw.

Thereareseveralusesfor this equation.Not only canwe predictthevalueof
���

at which thephasetransition

will occur, but we canalsouse
�

�

to helpdesignour system.For example,a valueof
��� �����+�

�

will yield the

bestunclusteredformations,while a valueof
�	� �����+�
�

will yield thebestclusteredformations.Thereasonfor

this is exploredin thenext section.
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3.5 Conservation of Energy and the Role of Potential Energy

Becausethe force is conservative, AP shouldobey conservation of energy. Furthermore,aswe shall see,the

initial PEof thestartingcon�gurationyieldsimportantinformationconcerningthedynamicsof thesystem.

First, we measuredthePEof thesystemat every time step,usingthepathintegral shown earlier. This is the

amountof work requiredto pusheachparticle into position,oneafter another, for the currentcon�guration of

particles.Becausetheforce is conservative, theorderin which theparticlesarechosenis not relevant. Thenwe

alsomeasuredthekineticenergy (KE) of theparticles(
�

	

- 


�

). Wemodeledfriction asheatenergy. If thereis no

friction, theheatenergy componentis zero.

-20
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E
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Total Energy

Potential Energy
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Heat Energy

Figure 7. Conser vation of energy, sho wing how the total energy remains constant, although the
amount of diff erent forms of energy chang es over time . In the beginning, all energy is potential
energy. This is transf ormed to kinetic energy when the par tic les move, and �nall y to heat as the
par tic les stabiliz e due to friction.

Figure7 illustratestheenergy dynamicsof AP. As expected,thetotal energy remainsconstantover time. The

systemstartswith only PE.Notethatthegraphillustratesoneof thefoundationalprinciplesof AP, namely, thatthe

systemlowersPEuntil a minimumis reached.This re�ects thestability of the �nal aggregatesystem,requiring

work to move thesystemaway from desiredcon�gurations(thusincreasingPE).

As the systemevolves, PE is converted into KE and heat,and the particlesexhibit maximummotion (see

Figure7). Finally, theparticlesslow, andonly heatremains.Note thatPEis negative aftera certainpoint. This
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Figure 8. The amount of potential energy of the initial con�guration of the hexagonal lattice system
is maximiz ed when ��� � 1,300 and ��� � 65,000, for a 200 par tic le system, when � � 2 (left) and

� � 3 (right). The arrows sho w the values of ��� and � �
	�� , where � �
	�� is the maxim um setting
of � .

illustratesstability of individual particles(aswell asthe collective) – it would requirework to pushindividual

particlesout of thesecon�gurations.Hencethis graphshows that thesystemis resilientto moderateamountsof

forceactingto disruptit, oncestablecon�gurationsareachieved.This issuewill beaddressedin thenext section.

The initial con�guration ( �

���

) PE also predictsimportantpropertiesof the �nal evolved system,namely

how well it evolvesandthesizeof the formation. Higher initial PEdeterminesthatmorework will bedoneby

thesystem– andthecreationof biggerformationsrequiresmorework. Higher initial PEis alsocorrelatedwith

betterformations,becausehigherPEleadsto greaterinitial linearmomentumof theparticles.As with simulated

annealing,thismomentumcanhelpovercomeproblemswith localoptima.

For example,considerFigure8 (left), whichshowsthePEof theinitial con�gurationof the200particlesystem,

when


�#�

, for differentvaluesof
�

. In thegraphs,
���

is thevalueof
�

at which PEis maximized,and
�

�����

is thelargestusefulsettingof
�

. Interestingly, PEis maximizedat therangeof valuesof
�

(1,200– 1,400)that

havebeenfoundempiricallyto yield thebeststructures.To testthishypothesis,werecalculatedPEfor thesystem

when


�

� . Theresultsareshown in Figure8 (right). Again,maximumPEis achievedfor a
�

valuethatis very

closeto thosethatyield thebeststructures.

As with thephasetransitionanalysis,thegoalis to deriveageneralexpressionfor
���

. We�rst needto calculate
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Figure 9. The force law, when � � 4,000 (left) and � � 5,625 (right), representing the second and
thir d situations. The force has a maxim um magnitude of 1 and a magnitude of 0 at ��� � � � 75. The
force is repulsive when the distance is less than 50 and attractive when the distance is between 50
and 75.

thepotentialenergy, � . Webegin by calculatingthePEof a two particlesystem.

It is necessaryto considerthreedifferentsituations,dependingon theradialextent to which
�

�����

dominates

the force law
� � �


��
� . Recall that agentsuse

�
�����

when
��� �

�����

. This occurswhen
�


��
�

� �
�����

or,

equivalently, when �




&

�




�
�����

*����

���

�	� . The�rst situationoccurswhen
�

�����

is usedonly at closedistances,

i.e., when
� 


�
�




� (seeFigure2). Thesecondsituationoccurswhen �




�
�


!�����

� . The third situation

occurswhen �
�

�

�����

� . In the third situationthe force law hasa constantmagnitudeof
�

�����

, and � remains

constantwith increasing
�

(seeFigure9, left andright).

Let usnow computethePEfor the�rst situation,whichrequiresthecalculationof threeseparateintegrals.The

�rst representstheattractive forcefelt by oneparticleasit approachestheother, from adistanceof
�����

� to � . The

secondis therepulsive forceof
� � �


��
� when � � � and

�

�

�
�����

. Thethird representstherepulsive force

of
� �����

when
� 


�




�
� . Then:

�

����


�
� ���

�

�

�

�

�

���




�

���

�

�

�

�

���




�

�

�

�
�����

�

�

The�rst termis negativebecausetheforceis attractive,whereasthelattertwo termsarepositivebecausetheforce
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is repulsive. Weassumethat 
��

�'�����

, sinceAP is not runwith thatsetting.Solvingandsubstitutingfor � � yields:

�

���

�

�

���

�

�

&

�����

�

* ���

���

�

&

� �




*

� 


�

���

�

&

� �




* � �����	�

���

��


�

�

Thesecondsituationis similar. Thecomputationof PEis:

�

��� 


�
� ���

� �

�

�

�

�

�

� 


�

�

�

� ����� �

���




�

�

� ����� �

�

Solvingandsubstitutingfor � � yields:

�

�
�

&

�




�
�����

*

�

���

��


�

�

�

&

�����

�

* ���

�
�

�

&

� �




*

� �
�����

�

�

�

�

&

�




�
�����

*����

�
�

Finally, thethird situationis:

�

���



�
� ���

�

�
�����

�

���




�

�

�
�����

�

�

Solvingandsubstitutingfor � � yields:

�

�

�
�����

�

�

The �rst situationoccurswith low
�

, when
� 
 �

�����

�
� . The secondsituationoccurswith highervalues

of
�

, when
�

�����

�
�


�� 
 �
�����

&

�����

�

*

� . The third situationoccurswhen
� � �

�����

&

�����

�

*

� . In the third

situationthePEof thesystemremainsconstantas
�

increasesevenfurther. Thusthemaximumusefulsettingof

�

is
� ����� � � �����

&

�����

�

*

� . Wecanseethis in Figure8 (which representthefull curvesover all threesituations)

for valuesof
�

�����
�

5,625and
�

�����
�

421,875respectively. Above thesevaluesof
�

�����

, PEstaysconstant.

It is now simpleto generalizethecomputationsfor � to / particles,denotedas �
� . Regardlessof thesituation,

wecanbuild the / particlesystemoneparticleata time,in any order(becauseforcesareconservative), resulting
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in anexpressionfor thetotal initial PE:

� �

�

�

� �

�

���

�

� �

� � / & /

� � *

�

where � is de�ned above for thetwo particlesystem.

Now that we have a generalexpressionfor the potentialenergy, � � , we needto �nd the value of
�

that

maximizes� � . First, we needto determinewhetherthe maximumoccursin the �rst or secondsituation. The

slopeof the PE equationfor the secondsituationis strictly negative; thusthe maximummustoccur in the �rst

situation.To �nd themaximum,wetake thederivativeof � � for the�rst situationwith respectto
�

, setit to zero,

andsolve for
�

. Theresultingmaximumis:

� � � �
�����

�

�

�

� � �����

���

�

�

�

�

�

���

� 


The valueof
�

�

doesnot dependon the numberof particles,which is a nice result. This simpleformula is

surprisinglypredictive of the dynamicsof a 200 particlesystem.For example,when
�

�����
� �

, �

�"���

, and




� �

,
� � �

1,406,which is only about7% higher thanthe valueshown in Figure8 (left). Similarly, when




�

� ,
� � �

64,429,which is very closeto thevalueshown in Figure8 (right). Thedifferencesin valuesarise

becauseour simulationhasinitial conditionsspeci�ed by a 2D Gaussianrandomvariablewith a small variance

, - , whereasouranalysisassumes, -

� �

. Despitethisdifference,theequationfor
� �

worksquitewell.

In Section3.4, empiricalobservationssuggestedthat the bestclusteredformationsoccurwhen
� � �����+�

�

.

This is equivalentto statingthat
�

�




�
�

�'�����

, becausemaximum� is correlatedwith thebestformations.Using

ourprior expressionsfor
� �

and
���

, theratio is:

�
�




�
�

� �

�

�
�

� � �����

���

�

�

�

�

�

���

� 


19



Theratiodependsonly on 
 andthesensorrange,but noton
� �����

or � . For 


�0�

and


�

� wegetratiosof 1.9

and1.77respectively, whichagreenicelywith empiricalobservations.

Our �nal observationis thatas
�

is increasedbeyondtheoptimalpoint
� �

, PEdecreases,yielding lessenergy

to build largeformations.As anexample,for 


� �

, with /

� ���1�

, we foundempiricallythatwhen
� �

1,200,

thenumberof clustersin the�nal formationwas29. When
�

wasdoubledto 2,400thenumberof clustershalved

to 16. Finally, when
�

wasdoubledagainto 4,800thenumberof clusterswas7. In this situation
� ����� �

5,625.

When
�

is setto themaximum,aminimal structureconsistingof four clustersin adiamondformationis created.

This resultappearsto hold in general,regardlessof systemparameters.

In summary, wehavebuilt apictureof how to setthevalueof
�

, givenothersystemparameters.For unclustered

behavior, set
�

to be slightly lower thanthe phasetransitionpoint
���

. For thebestclusteredbehavior with the

largestformations,set
�

to
� �

(which is greaterthan
� �

). For thesmallestformationswith maximalclustering,

set
�

to
�

�����

. Wearecurrentlyattemptingto predictthenumberof clustersgiven
�

.

3.6 Robustness

If
� ���

�

, andthesystemhasreachedequilibrium, thenit is very robust with respectto the disappearance

of numerousparticles.Sincelatticenodesof low PEarecreatedvia the intersectionof many circularPEwells,

theremoval of particlesfrom a nodedecreasesthePEwell depthof neighboringnodesbut usuallydoesnot alter

the lattice structure.The lattice is alsopreserved becausenon-neighboringnodesareunaffectedby the particle

removal – sincethey areoutof sensingrange.However, if enoughparticlesdisappearfrom anode,thebalanceof

forcesat neighboringnodescanchangeenoughto causeparticlesin thoseneighbornodesto move. In particular,

if theclusterfragmentationforceexceedsthecohesionforceat a neighbornode,thenoneor moreparticleswill

beejectedfrom thatcluster. Nevertheless,anejectedparticlewill move to anothernodeof low PE.If this node

waspreviously empty, thenthemovementjust describedwill partially repairthe lattice. In summary, the lattice

structuredegradesslowly, exceptfor possiblefragmentationinto disjoint setsin very raresituations,or whena
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very large percentageof particlesare removed. Figure10 shows this clearly. Beginning with 99 particles,10

particlesareremoved,thenanother20, and�nally another20. Removedparticlesarerandomlychosenfrom the

interior andperimeterof the lattice. The lattice is reducedin overall size,but its overall structureandintegrity

remainintact.Thelinesin this �gure representtheforcebondsbetweenparticles,andareusefulfor visualization.

Figure 10. Beginning with 99 par tic les (top left), 10 par tic les are randoml y remo ved (top right), then
another 20 (bottom left), and �nall y another 20 (bottom right). The overall structure and integrity
remain intact, demonstrating robustness.

Theconceptof PEalsoprovidesa naturalmechanismfor self-repairof formationsif they aredisturbed.The

disturbancesincreasePE,andthesystemattemptsto correctitself by loweringPEagain. To testtheef�cacy of

this approachwe addeda simulatedblast(e.g.,anexplosionthatcausesa gustof wind) to our simulation.Weak

gusts,which causebendsin theformation,areeasilyrepairedwith AP. More severedisturbances,thatdistort the

shapeof theperimeter, requiremonitoring,checking,andsteeringtechniques[18].
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4. Square Lattices

Giventhesuccessin creatinghexagonallattices,we investigatedotherregularstructures.Thesquarelatticeis

anobviouschoice,sinceit alsotilesa2D plane.

4.1 DesigningSquareLattices

Thesuccessof thehexagonallatticehingeduponthefact thatnearestneighborsare � in distance.This is not

truefor squares,sinceif thedistancebetweenparticlesalonganedgeis � , thedistancealongthediagonalis �

�

� .

Particleshave no wayof knowing whethertheir relationshipto neighborsis alonganedgeor alongadiagonal.

Onceagainit appearsthatweneedto know anglesor thenumberof neighborsto solve thisdif�culty . However,

amuchsimplerapproachwill do thetrick. Supposeeachparticleis givenanotherattribute,called“spin”. Half of

theparticlesareinitialized to bespin“up”, whereastheotherhalf arespin“down”.2

�

�

�

�

Figure 11. Square lattices can be formed by using par tic les of two “spins”. Unlike spins are � apar t
while like spins are

� �

� apar t.

Considerthesquaredepictedin Figure11. Particlesthatarespinup areopencircles,while particlesthatare

spindown are�lled circles.Particlesof unlike spinaredistance� from eachother, whereasparticlesof like spin

aredistance�

�

� from eachother. This “coloring” of particlesextendsto squarelattices,with alternatingspins

alongtheedgesof squares,andsamespinsalongthediagonals.

Figure11 indicatesthatsquarelatticescanbecreatedif particlessensenot only distanceandbearingto neigh-

bors,but alsotheirspin.Thussensorsmustdetectonemorebit of information,spin.Weusethesameforcelaw as

before:
� � � ��� ���


��
� . However, � is renormalizedto � 
 �

�

if two particleshave thesamespin.Onceagainthe

forceis repulsive if � � � andattractive if � � � . Theoneeffectorenablesmovementwith velocity 	




�

�����

.

2Spinis merelyaparticlelabelandhasno relationto therotationalspinusedin navigationtemplates[43].
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Figure 12. Using the same initial conditions as for the hexagonal lattice , 200 par tic les form a square
lattice by � � 4,000, but global �a ws exist.

To ensurethattheforcelaw is local,particlescannotseeotherparticlesthatarefurtherthan �

� , where�

� ���

� if

particleshave like spinand1.7otherwise.

The initial conditionsarethesameasthosefor the hexagonallattice. The 200particlesmove for 4,000time

steps(thesystemis somewhatslower to stabilizethanthehexagon),usingthis very simpleforce law. The �nal

resultis shown in Figure12. Again,we measureorientationerrorby choosingpairsof particlepairsseparatedby

�

� . By insistingthateachparticlepair haslike spins,weensurethatpairsarealignedwith therows andcolumns

of the lattice. In this casetheanglebetweenthetwo line segmentsshouldbecloseto somemultiple of
���

�

. The

erroris theabsolutevalueof thedifferencebetweentheangleandtheclosestmultipleof 90. Themaximumerroris

� ���

while theminimumis
� �

. Averagedover40 independentruns,the�nal errorwasabout
� �������

, with ,

�

�

� (��

.

Theresultsareclearlysuboptimal.Locally, theparticleshave formedsquarelattices.This canbeobservedby

notingthatthespinsalternatealongtheedgesof squares,whereasspinsarethesamealongdiagonals.Onceagain

each“node” in the lattice canhave multiple particles,providing robustness(the averageclustersize is roughly

1.75). However, largeglobal �a ws split thestructureinto separatesquarelattices.Thus,althoughthe local force

laws work reasonablywell, they (not surprisingly)do not rule out dif�culties at theglobal level. Thequestionis

whetherglobalrepairis neededor whetherlocal repairswill suf�ce.
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Figure 13. Using “spin­�ip” local repair , the 200 par tic les form a better square lattice at � � 4,000.
Global �a ws are almost absent although some local �a ws still exist.

4.2 Local Self­Repairof SquareLattices

As with otherphysicalsystems,noisecanhelpremove global�a ws in structures.Furthermore,systemsshould

alsoself-repairat thelocal level. For example,if all particlesataparticularlatticenodearedestroyed,a localhole

opensin thelattice.Ourgoalis to provideasimplemechanismthatrepairsbothlocalandglobalfaults.To achieve

this goalwe focusedagainon theconceptof spin.Figure12 indicatesthatclustersarealmostalwaysmadeup of

particlesof like spin.Thereis anaversionto having clustersof unlike spins.

Spinsaresetat initialization.Whatwouldhappen,though,if oneparticlein aclusterof likespinschangesspin?

It could �y away from that clusterto anotherclusterwith the samespin asit now has. It could alsoland at an

emptynodewhich,althoughempty, is still anareaof very low PE.In essence,clustersrepresentnodeswith excess

capacity, andthatexcesscan�x problemsin thestructureasthey arise.Our hypothesisis thatthis increased�o w

of particles(noise)canrepairbothlocalandglobal�a ws in thesquarelattice.

Testingthis hypothesisonly requiredonechangeto thecode.Again,particlesareinitializedwith a givenspin.

However, if a particlehasa very closeneighbor( ���

�����

), theparticlemay�ip its spinwith a smallprobability.

Particleshaveoneadditionaleffector– they canchangetheirown spin.Thisdoesnotcreatestructuralholes,since

aparticleonly leavesaclusterif thereis excesscapacityin thatcluster.
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Onceagain,the200particlesmovedfor 4,000time steps,usingthesameforce law, coupledwith this simple

spin-�ip repairmechanism.Theinitial conditionswerethesameasthosein theprevioussection.Theresultsare

shown in Figure13. The previously shown global �a ws areno longerin evidence,althougha minor portionof

thelatticeis still misaligned.Many of the�a ws thatremainarelocal andarea resultof a still operatingspin-�ip

repairmechanismthatcontinuesto occasionallysendparticlesfrom clusterto cluster. Observationof theevolving

systemshowsthatholesarecontinually�lled, asparticlesleavetheirclusterandheadtowardopenareasof low PE.

An exactWilcoxonrank-sumtestindicatesthatthemeanerrorwith spin-�ip repair(
� ��� �

, ,

�

�

��� �

) is statistically

signi�cantly less(
 �

�����1� �

) thanthemeanerrorwithoutspin-�ip repair(
� ����� �

, ,

�

�

� ( �

).

4.3 PhaseTransition Analysis

Squarelatticesalsodisplaya phasetransitionas
�

decreases.Thederivation of a quantitative law for square

latticesis a straightforwardanalogueof theanalysisfor hexagonallattices.Theonedifferenceis that in a square

lattice, oneof the two particlesin the centralclusteris expelledalonga pathto oneof the perimeterparticles,

ratherthanbetweenthem(seeFigure14).

�

���

�

� �

�

� �

�

���

� �

�

�

�

�

� ��

�� �

� �

Figure 14. If two par tic les are at the center of a square formation, one par tic le can escape along any
of the eight paths directed towards the outer par tic les.

In Figure14,therearetwo particlesin thecenterof theformation,andoneparticleeachat theperimeternodes.

Labeloneof the two particlesin thecenteras“A.” Using thesamereasoningasbeforethe fragmentationforce

uponparticleA is
�������

. ParticleA is heldnearthecenterby theperimeterparticles.Usingthegeometryof the

situationaswe did with hexagons,the total cohesionforceon A is &

�

�

�

�

�+* �


 � � [19]. Thephasetransition
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will occurwhen
� � � �����

� � 
�&

�

�

�

�

�+*

. Thephasetransitionlaw for squarelatticesis:

��� �

� �����

� �

�

�

�

�

�

Table 2. The predicted/obser ved values of ��� for diff erent values of � , � , and � ��	��
. The three

columns under � ��	�� have � � 2. The three columns under � have � �
	�� � 1. The predicted values
are very close to those that are obser ved.

� �����




� 0.5 1.0 2.0 1.5 2.0 3.0
25 65/69 130/136 259/278 26/26 647/651 3,236/3,312
50 259/272 519/530 1,036/1,066 73/74 3,662/3,730 25,891/26,850
100 1,036/1,112 2,071/2,138 4,143/4,405 207/206 20,713/21,375 207,125/211,350

We testedthis law for varyingvaluesof � ,
� �����

, and 
 . The resultsareshown in Table2, averagedover 10

independentruns,with /

�)���1�

. Theobservedvaluesareverycloseto thosethatarepredicted(within 7%),and

thenormalizedstandarddeviation is lessthan6.2%.

4.4 Potential Energy Analysis

WecanalsocomputethePEof theinitial con�guration.Thiscomputationis slightly moredif�cult thanbefore

becausetherearetwo “species”of particles(spinupandspindown), with differentinter-speciesandintra-species

sensorranges.The computationis performedin threestages.First assembleall spin up particlestogetherin a

cluster. Thenassembleall spindown particlesin a cluster. Finally, join thesetwo clusterstogether. We consider

only the�rst situation(
� 


�
�

�

&

�




�
�����

*
���

�




� ), sincethis is wherethemaximumPEoccurs.

First, computethePEof theinitial con�gurationof two spinup particles.Whenparticlesof like spininteract,

� is renormalizedby �

�

, andtheir sensorrangeis
���

� � . Thus:
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Solvingandsubstitutingfor � � yields:
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Thecomputationfor � is very similar to that for thehexagonallattice,differing only by a constantfactorof �

�

andthesensorrange.Wenow generalizeto / spinupparticles:

� �

� � / & /

� � *

�

Thecomputationfor spin down particlesis identical. We now combinethe two clustersof / spinup and /

spindown particles:
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To determinethevalueof
�

for which PEis maximized,we take thederivative of � ��� � with respectto
�

, setit

to zero,andsolve for
�

:

� � � �
�����

�

�

�

�

�

& /

� � *

�

� � ���

�

���

�

�

� /
�

� � ��� (

���

�

�

�

�

& /

� � *

� /

�

�

�

�

���

��


Note that in this case
�

�

dependson the numberof particles / . It occursbecauseof the weightedaverage

of differentinter-speciesandintra-speciessensorranges.However, becausethis differenceis not large, the de-

pendency on / is alsonot large. For example,with �

� ���

,
�

�����
� �

, and 


�!�

, then
� � �

1,466if there
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Figure 15. The amount of potential energy of the initial con�guration of the square lattice system is
maximiz ed when ��� � 1,466 and ��� � 67,330, for a 200 par tic le system, when � � 2 (left) and

� � 3 (right). The arrows sho w the values of ��� and � �
	�� , where � �
	�� is the maxim um setting
of � .

are200particles.With only 20 particles
� � �

1,456. Similarly, when 


�

� ,
� ���

67,330and
� ���

66,960

respectively, for 200and20particlesystems(Figure15).

As wedid with thehexagonallattices,we canalsocomputethevalueof
�

�����

, which is thehighestvalueof
�

thatwill have any effecton thesystem.For squarelatticesweget:

� ����� � � �����

&

��� (

�

*

�

For ourstandardsettings,when


�0�

,
�

�����
�

7225,andwhen


�

� ,
�

�����
�

614,125(Figure15).

5. Perfect Lattices and Transformations

Transformationsareeasilyachieved in AP. For theoriginal hexagonalandsquarelattices,transformationsare

accomplishedby ignoringor not ignoringspins.Figure16 illustratesa transformationfrom a squarelattice to a

hexagonallattice, to anothersquarelattice,andto a �nal hexagonallattice. Thereis no guaranteethat thesame

latticewill appearundersuccessive transformations.

By addingotherattributes[45], perfecthexagonalandsquarelattices(andtheir transformations)arealsoeasily

achieved.Eachparticlecarriestwodifferentsetsof attributes,onefor hexagonallatticesandonefor squarelattices.
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Figure 16. Agents can transf orm smoothl y between hexagonal and square lattices. A square lattice
(top left) transf orms to a hexagonal lattice (top right), back to a square lattice (bottom left) and �nall y
back to a hexagonal lattice (bottom right).

Whenthesystemswitchesfrom onepair to the other, it transforms.Figure17 illustratesa transformationfrom

a perfectsquarelatticeto a perfecthexagonallattice(giventhenumberof particles).Thesquarelatticestructure

is thoroughlydestroyed, showing almostno structureat all. Despitethis catastrophicdisturbancethehexagonal

structureeventuallyemerges,illustratingextremerobustness.Thereversetransformationworksequallywell.

6. Other Formations in Two and ThreeDimensions

Our simulationtool generalizeseasilyto threedimensions,which is necessaryfor the MAV task. Figure18

shows 499 simulatedMAVs in threeseparateplanesof hexagonallattices. Both top-down andsideviews are

shown. Cubic latticesarealsorelatively easyto form, asare regular structureswith triangularfacets(suchas

triangularpyramidsor regularicosahedrons).Wehave observed,however, aswith naturalcrystals,thatit is often

easierto build thesestructuresparticleby particle,asopposedto building themin “batch.”
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Figure 17. Agents can also transf orm from perf ect square lattices to perf ect hexagonal lattices
(sho wn) and back (not sho wn).

Theprevioussectionshave describedformationsthathave beenplannedin advance.However, our simulation

tool providestheopportunityto changeforce law parametersin arbitraryandunusualways. The resultsareof-

tensurprising,yielding unanticipatedstructures,especiallyin two dimensions.Figure19 shows two unusualbut

potentiallyusefulstructures.Wehavefoundthatsomestructurescanbeassembledeasilyby �xing therelevantpa-

rametersat thebeginning.Others,however, areeasierto createdynamicallyvia transformation,asparametersare

slowly changed.This alsoraisesthepossibilityof searchingthespaceof forcelaws (e.g.,with geneticalgorithms

[22, 17, 44]) to createdesiredbehavior.

7. Dynamic Behaviors: ObstacleAvoidance

Previoussectionsof thispaperhave focusedonthecreationof formations,but for mostapplicationsformations

will have to move (oftentowardsomegoal).Also, for groundplatforms,obstaclesposeaseriouschallengeto the
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Figure 18. Three planes of MAVs in hexagonal lattices, sho wn from top­do wn and side views. There
are 499 par tic les in this sim ulation.

Figure 19. Unusual two dimensional formations can be achieved by changing the system parameter s.
These par ticular formations could be useful for perimeter defense applications.

movementof the formation. To addressthis, we have extendedour simulationto includegoals(bothstationary

andmoving) aswell asobstacles.Largerobstaclesarecreatedfrom multiple, point-sizedobstacles;this enables

�e xible creationof obstaclesof arbitrarysizeandshape.While theobstaclesarestationary, thegoalcanbemoved

by themouseasthesimulationis running.

As a generalizationto our standardparadigm,goalsareattractive, whereasobstaclesarerepulsive (similar to

potential�eld approaches,e.g.,[26]). Thegoalcanbesensedat a far distanceof � � , while obstaclesaresensed

ataveryshortdistanceof
�����1�

� . If thegoalandobstacleforcesareconstant,weachieve goodresults.
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Usingthisgeneralizedparadigmwerantwo setsof experiments.In the�rst,
�

�

���

, to removeclusteringand

to have �uid-lik e particle�o w. Theparticles�o w naturallyaroundtheobstacles,anddo not retainany particular

formation.In thesecond,
� � � �

�

� �

, to enhancethecreationof clustersandrigid formations.Overnumerous

runs,threetypesof behavior areobserved. First, the formationavoids obstaclesvia a sequenceof rotationsand

counter-rotationsof the whole collective. If this cannotbe accomplished,the formationdeformsby stretching

forcebondsbetweenparticles,diverging aroundobstaclesdirectly in their path,andthenconverging againinto a

cohesive formationafter theobstacleis passed.In the third situation,forcebondsarebroken andthe formation

fragmentsaroundanobstacleandthenre-coalesces.Onedangerwith this third situationis thatparticlescanbe

permanentlyseparatedfrom themainformation.

In thepreviousexperimentsthegoalwasstationary. Preliminaryresultsindicatethatslowly moving goalsare

successfullytrackedwithoutdif�culty .3 Thelow
�

(liquid) versiongenerallyperformsbetteronthistask.Onecan

easilyimaginea situationwheretheformationlowers
�

to move aroundobstacles,andthenraises
�

to achieve

betterformationsaftertheobstacleshave beenavoided.

It is importantto emphasizethatthis simulationmodelsobstacleavoidanceat anabstractlevel, andany appli-

cationto platformswith complex dynamics(suchasMAVs) will requireadditionalmodeling.

8. Dynamic Behaviors: Surveillanceand Perimeter Defense

We have alsoexploredsurveillanceandperimeterdefensetasks.By usingananalogywith themotionof gas

moleculesin a container, AP is successfulon both of thesetasks. The algorithmfor surveillanceis simpleand

elegant– agentsrepeleachother, andarealsorepelledby the perimeterboundary. Friction is negligible. The

surveillancetask is shown in Figure20 (left). Particlesstartat the centerandmove toward the perimeter, due

to repulsion. They act like a gasin a container. If particlesaredestroyed, the remainingparticlesstill search

the enclosedarea,but with lessvirtual “pressure.” Likewise, the additionof particlesis alsotreatedgracefully,

3ªSlowlyº is relative to ��� . In therealworld, fastermotionimpliessmallervaluesof ��� (i.e.,sensingmustoccurmoreoften).
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increasingthepressurein thesystem.Thetwo smallsquaresinsidetheperimeterrepresentintruders.Particlesare

attractedtowardsintruders,but sincethey alsorepeleachother, thenumberof particlesthatcancover anintruder

is limited.

Figure 20. Simulated agents perf orm sur veillance (left) and perimeter defense (right). For sur veil­
lance , agents are repelled by each other and by walls, while they are attracted by objects of interest.
For perimeter defense agents repel each other and are drawn to the corridor between the two walls
(the inner wall is por ous and excess capacity is stored in the interior area). Friction is zero, because
constant movement is required.

Perimeterdefenseis hardlymorecomplex (seeFigure20,right). Onceagain,particlesstartfrom thecenterand

repeleachother. Theinnerandoutersquaresform acorridorto bemonitoredby theparticles.Theinnersquareis

porousto theparticles.Both theinnerandouterwallsareattractive, andparticlesaredrawn to thespacebetween

them. One intruder is shown, which is attractive. Notice that someparticlesremainin the centralarea. This

representsa situationof over-capacity– therearetoo many particlesfor thecorridor. If particlesin thecorridor

die,particlesin thecentralareamoveto thecorridorto replacethem.Thisis anicedemonstrationof therobustness

of thesystem.An interestingphasetransitionof thissystemdependson thevalueof
�

. When
�

is high,particles

�ll thecorridoruniformly, providing excellenton-the-spotcoverage.When
�

is low, particlesmove toward the

cornersof thecorridor, providing excellentline-of-sightcoverage.Dependingon whetherthephysicalrobotsare

betterat motionor sensing,the
�

parametercanbetunedappropriately. Analysisof thesedynamicsystemswill
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centeraroundthekinetic theoryof gases,ashasbeeninitiatedby Jantzet. al. [24].

9 Application to a Teamof Mobile Robots

Thecurrentfocusof this projectis thephysicalembodimentof AP on a teamof robots.Our choiceof robots

andsensorsexpressesapreferencefor minimalexpenseandexpendableplatforms.

For our initial experimentswe have usedinexpensive kits from KIPR (KISS Institutefor PracticalRobotics).

Thesekits comewith avarietyof sensorsandeffectors,andtwo micro-computers– theRCX andtheHandyBoard.

Dueto its generalityandeaseof programming,we arecurrentlyusingtheHandyBoard.TheHandyBoardhasa

HC11Motorolaprocessorwith 32K of staticRAM, a two line LCD screen,andthecapacityto drive severalDC

motorsandservos. It alsohasportsfor avarietyof digital andanalogsensors.

Our roboticplatformhastwo independentdrive trainsandtwo casters,allowing theplatformto turn on a dime

andmove forwardandbackward. Slot sensorsareincorporatedinto thedrive trainsto functionasshaftencoders,

yielding reasonablyprecisemeasuresof theangleturnedby therobotandthedistancemoved.Thetransmissions

aregeareddown 25:1to minimizeslippagewith the�oor surface.

The“head”of therobotis asensorplatformusedto detectotherrobotsin thevicinity. For distanceinformation

we useSharpGP2D12IR sensors.This sensorprovidesfairly accuratedistancereadings(10%errorover a range

of 6 to 50 inches).Thereadingsarerelatively non-in�uencedby thematerialsensed,unlessthematerialis highly

re�ective. However, the angleof orientationof the sensedobjectdoeshave signi�cant effects,especiallyif the

objectis re�ective. As a consequence,each“head” is a circularcardboard(non-re�ective) cylinder, allowing for

accuratereadingsby theIR sensors.

Theheadis mountedhorizontallyonaservo motor. With
� ���

�

of servo motion,andtwo Sharpsensorsmounted

onoppositesides,theheadprovidesasimple“vision” systemwith a ���

�
�

view. After a ���

�
�

scan,objectdetection

is performed.A �rst derivative �lter detectsobjectboundaries,evenunderconditionsof partialocclusion.Width

�lters areusedto ignorenarrow andwide objects(chair legs andwalls). This algorithmdetectsnearbyrobots,
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Figure 21. Example of robot detection where there are �ve nearb y robots, one par tiall y occ luded
by two other s. The ������� scan produces a graph of distance values (top). The �r st deriv ative �lter
looks for large positive or negative values of the deriv ative , whic h yield object boundaries (mid dle).
Regions between boundaries are potential objects. Objects that are too wide or are reall y empty
space are �ltered, producing an object list (bottom). The narrow false object to the right in the object
list is also �ltered.

producinga “robot” list thatgivesthebearinganddistanceto eachneighboringrobot(Figure21).

Oncesensingandobjectdetectionis complete,theAP algorithmcomputesthevirtual forcefelt by thatrobot. In

response,therobotturnsandmovesto someposition.This “cycle” of sensing,computationandmotioncontinues

until we shutdown therobotsor they run out of power. Figure22 shows theAP code. It takesa robotneighbor

list asinput,andoutputsthevectorof motionin termsof a turnanddistanceto move.

For our experiments,we built seven robots. Eachrobot ran thesamepieceof software. The objective of the

�rst experimentwasto form a hexagon.Thedesireddistance� betweenrobotswas23 inches.Usingthetheory,
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void ap() {
int theta, index = 0;
float r, F, fx, fy, sum_fx = 0.0, sum_fy = 0.0;
float vx, vy, delta_vx, delta_vy, delta_x, delta_y;
vx = vy = 0.0; // Set x and y components of velocity to 0, full friction.
// Row i of robots[][] is for the ith robot located.
// Column 0/1 has the bearing/range to that robot.
while ((robots[index][0] != -1)) { // For all neighboring robots do:

theta = robots[index][0]; // get the robot bearing
r = robots[index][1]; // and distance.
if (r > 1.5 * R) F = 0.0; // If robot too far, ignore it.
else {

F = G / (r * r); // Force law, with p = 2.
if (F > F_MAX) F = F_MAX;
if (r < R) F = -F; // Has effect of negating force vector.

}
fx = F * cos(theta); // Compute x component of force.
fy = F * sin(theta); // Compute y component of force.
sum_fx += fx; // Sum x components of force.
sum_fy += fy; // Sum y components of force.
index++;

}
delta_vx = delta_T*sum_fx; // Change in x component of velocity.
delta_vy = delta_T*sum_fy; // Change in y component of velocity.
vx = vx + delta_vx; // New x component of velocity.
vy = vy + delta_vy; // New y component of velocity.
delta_x = delta_T*vx; // Change in x component of position.
delta_y = delta_T*vy; // Change in y component of position.
distance = (int)sqrt(delta_x*delta_x + delta_y*delta_y); // Distance to move.
turn = (int)(atan(delta_y / delta_x)); // Bearing of movement.
if (delta_x < 0.0) turn += 180; } // Turn robot in minimal direction.

Figure 22. The main AP code , whic h takes as input a robot neighbor list (with distance and bearing
inf ormation) and outputs a vector of motion.

we chosea
�

of 270 (


�!�

and
� ����� � �

). Thebeginningcon�guration wasrandom.Theresultswerevery

consistent,producinga hexagontentimesin a row andtakingapproximatelysevencycleson average.Our scan

algorithmtakesabout22 secondspercycle for this �rst implementation;however, a new localizationtechnology

we aredevelopingwill be muchfaster. For all runsthe robotswereseparatedby 20.5 to 26 inchesin the �nal

formation,which is only slightly moreerrorthanthesensorerror.

Theobjective of thesecondexperimentwasto form a hexagonandthenmove in formationto a goal. For this

experiment,we placedfour photo-diodelight sensorson eachrobot,oneperside. Theseproducedanadditional

36



Figure 23. Seven robots self­or ganiz e into a hexagonal formation, whic h then moves towards a light
sour ce. Pictures taken at the initial conditions, at two min utes, �fteen min utes, and thir ty min utes.

forcevector, moving the robotstowardsa light source(a window). The re�ection of thewindow on the �oor is

not noticedby the robotsandis not the light source.The results,shown in Figure23, wereconsistentover ten

runs,achieving anaccuracy comparableto theformationexperimentabove. Therobotsmovedaboutonefoot in

13cyclesof theAP algorithm.

10. Summary and RelatedWork

This paperhasintroduceda framework for distributedcontrolof swarmsof vehiclesin sensornetworks,based

on laws of arti�cial physics(AP). The motivation for this approachis that naturallaws of physicssatisfy the

requirementsof distributedcontrol,namely, self-organization,fault-tolerance,andself-repair.

Theresultshavebeenquiteencouraging.Weillustratedhow APcanself-organizehexagonalandsquarelattices.

The conceptof spin-�ip from naturalphysicswasshown to be a usefulrepairmechanismfor squarelattices,if
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no global informationis available. Structuresin threedimensionsareeasilyachieved,aswell astransformations

betweenstructures.We have alsopresentedpreliminaryresultswith dynamicmulti-agentbehaviors suchasgoal

tracking,obstacleavoidance,surveillance,andperimeterdefense.Finally, wehaveshown our �rst embodimentof

AP ona teamof sevenmobilerobots.

This paperalsopresentsa novel physics-basedanalysisof AP, focusingon potentialenergy andforcebalance

equations.This analysisprovidesa predictive techniquefor settingimportantparametersin thesystem,enabling

the userto createunclusteredformations,large clusteredformations,and minimal clusteredformations. The

unclusteredformationsact like liquids, whereastheclusteredformationsact like solids. This analysiscombines

thegeometryof theformationswith importantparametersof thesystem,namely,
�

, � , 
 ,
�������

, andsensorrange.

Theparameter/ wasalsoincluded,but it is of little relevancefor ourmostimportantresults.Thisis anicefeature,

sinceonemotivationfor AP wasscalabilityto largenumbersof agents.Includingotherrelevantparameterssuch

as 
�� , �

�����

andfriction requiresamoredynamicanalysis– wearecurrentlyfocusingon “kinetic theory.”

In conclusion,AP, althoughsimpleandelegant,hasshown itself to beadeptin a wide rangeof sensornetwork

applications.AP demonstratesthecapabilitiesof self-organization,fault-tolerance,self-repair,andeffectivenessin

spiteof minimal sensingcapabilities.Thereis a straightforwardamenityto theoreticalanalysis,therebyenabling

predictionsof thebehavior of themulti-agentswarm,andproviding easeof implementationon a teamof robots.

Dueto thelackof computationof potential�elds, it is alsocomputationallyef�cient.

Our discussionof relatedwork will �rst focuson swarmsandthenon their theoreticalanalyses.Early work

on swarm roboticsfocusedon centralcontrollers. For example,Carlsonet al. [7] investigatedtechniquesfor

controllingswarmsof micro-electromechanical agentswith a globalcontrollerthat imposesanexternalpotential

�eld that is sensedby the agents.Recently, therehasbeenmovementaway from global controllers,dueto the

brittlenessof suchanapproach.AP is adistributed,ratherthanglobal,controlframework for swarmmanagement,

althoughglobalcontrolcanbeincorporated,if desired[18].

Most of theswarm literaturecanbesubdivided into swarmintelligence, behavior-based, rule-based, control-

38



theoretic andphysics-basedtechniques.Swarmintelligencetechniquesareethologicallymotivatedandhave had

excellentsuccesswith foraging,taskallocation,anddivision of laborproblems[5, 20]. In Beni et. al. [4, 3], a

swarm distribution is determinedvia a systemof linear equationsdescribingdifferenceequationswith periodic

boundaryconditions.Behavior-basedapproaches[6, 30, 35, 15, 2, 41] arealsovery popular. They derive vector

informationin a fashionsimilar to AP. Furthermore,particularbehaviors suchas“aggregation” and“dispersion”

aresimilar to theattractiveandrepulsive forcesin AP. Bothbehavior-basedandrule-based(e.g.,[40, 51]) systems

have proved quitesuccessfulin demonstratinga varietyof behaviors in a heuristicmanner. Behavior-basedand

rule-basedtechniquesdonotmakeuseof potential�elds or forces.Instead,they dealdirectlywith velocityvectors

andheuristicsfor changingthosevectors(althoughthe term“potential �eld” is oftenusedin thebehavior-based

literature,it generallyrefersto a �eld thatdiffersfrom thestrict Newtonianphysicsde�nition). Control-theoretic

approacheshavealsobeenappliedeffectively (e.g.,[1, 11]). Ourapproachdoesnotmaketheassumptionof having

leadersandfollowers,asin [10, 13, 9].

Oneof theearliestphysics-basedtechniquesis thepotential�elds (PF)approach(e.g.,[26]). Most of thePF

literaturedealswith a small numberof robots(typically just one) that navigate througha �eld of obstaclesto

get to a target location. The environment,ratherthanthe agents,exert forces. Obstaclesexert repulsive forces

while goalsexert attractive forces.Recently, Howardet al. [23] andVail andVeloso[49] extendedPFto include

inter-agentrepulsive forces– for the purposeof achieving coverage. Although this work wasdevelopedinde-

pendentlyof AP, it af�rms the feasibility of a physicsforce-basedapproach.Anotherphysics-basedmethodis

the“EngineeredCollective” work by Duncanat theUniversityof New Mexico andRobinettat SandiaNational

Laboratory. Their techniquehasbeenappliedto search-and-rescueandotherrelatedtasks[39]. Krauset al. [32]

convertsa generic,goal-orientedprobleminto a PEproblem,andthenautomaticallyderivestheforcesneededto

solve theproblem.Thesocialpotential�elds [37] framework is highly relatedto AP. Reif andWang[37] rely ona

force-law simulationthatis similar to ourown, allowing differentforcesbetweendifferentagents.Theiremphasis

is on synthesizingdesiredformationsby designinggraphsthathave a uniquePEembedding.We plan to merge
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thisapproachwith ours.

Other physics-basedapproachesof relevanceinclude researchin �ocking and other biologically motivated

behavior. Reynoldsmodelsthephysicsof eachagentandusesbehavior-basedrulesto controlits motion.Central

to his work is “velocity matching”,whereineachagentattemptsto matchthe averagevelocity of its neighbors.

The primaryemphasisis on �ocking [38]. Tu andTerzopoulosprovide a sophisticatedmodelof the physicsof

�sh, which arecontrolledby behavior-basedrules. Theemphasisis on “schooling” andvelocity matching[48].

Vicsekprovidesa point particleapproach,but usesvelocity matching(with random�uctuations)andemphasizes

biological behavior [50, 8, 21]. His work on “escapepanic” utilizes an
�

� � �

�

� model,but includesvelocity

matching[21]. Toner and Tu provide a point particle model, with sophisticatedtheory, but againemphasize

velocity matchingand�ocking behavior [47]. Thesemodelsarequite differentfrom ours,sincewe imposeno

velocity matchingcondition.Also, their modelsdo not obey standardconservation laws. Furthermore,we utilize

minimalsensoryinformation,whereasvelocitymatchingrequiresthecomputationof relative velocitydifferences

betweenneighbors,which is morecomplex than our model. Finally, our motivation is to control vehiclesfor

distributedsensingtasks.We areespeciallyinterestedin regulargeometricformations.For moving formations,

ourgoalis to provide precisecontrolof theformation,ratherthan“life-lik e” behavior.

Onecanalsodivide the relatedliteratureby the form of theoreticalanalysis,both in termsof thegoal of the

analysisandthemethod.Therearegenerallytwo goals:stability andconvergence/correctness. Understability is

thework by Schoenwald et. al. [39], Fierroet al. [14], Olfati-SaberandMurray [33], Liu et al. [29], andLerman

[28]. The �rst threeapply Lyapunov methods. Liu et al. usea geometric/topological approach,and Lerman

usesdifferentialequationsto modelsystemdynamics.Underconvergence/correctnessis thework by Suzuki[46],

Parker [34], andLiu et al. [29]. Methodshereincludegeometry, topologyandgraphtheory. Othergoalsof

theoreticalanalysesincludetimecomplexity [32], synthesis[37], predictionof movementcohesion[29], coalition

size[28], numberof instigatorsto switchstrategies[31], andcollision frequency [24].

Methodsof analysisare also similarly diverse. We focus only on physics-basedanalysesof physics-based
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swarmroboticssystems.We know of four methods.The �rst aretheLyapunov analysesby Schoenwald et. al.

[39], Fierroet al. [14], andOlfati-SaberandMurray [33]. The secondis thekinetic gastheoryby Jantzet. al.

[24]. Thethird is theminimumenergy analysisby Reif andWang[37]. Thefourthdevelopsmacro-level equations

describing�ocking asa �uid-lik e movement[47].

To thebestof our knowledge,theonly analysesmentionedabove thatcansetsystemparametersarethoseof

Lerman[28], Numaoka[31], andTonerandTu [47]. The�rst two analysesareof behavior-basedsystems,while

thelatter is of a “velocity matching”particlesystem.Thecapabilityof beingableto setsystemparametersbased

on theoryhasenormouspracticalvalue,in termsof easeof implementation.Theresearchpresentedin this paper

providespracticallaws for settingsystemparameters,to achieve thedesiredbehavior with actualrobots.

11. Future Work

Currently, we are improving our mechanismfor robot localization. This work is an extensionof Navarro-

Sermentet. al. [27], usingacombinationof RFwith acousticpulsesto performtrilateration.Thiswill distinguish

robotsfrom obstaclesin a straightforwardfashion,andwill bemuchfasterthanourcurrent“scan” technique.

Froma theoreticalstandpoint,we planto formally analyzeall importantaspectsof AP systems.This analysis

will bemoredynamic(e.g.,kinetictheory)thantheanalysispresentedhere.Wealsointendto expandtherepertoire

of formations,both staticanddynamic. For example,initial progresshasbeenmadeon developingstaticand

dynamiclinear formations. Many otherformationsarepossiblewithin the AP framework. Using evolutionary

algorithmsto createdesiredforcelaws is oneintriguingpossibilitythatwearecurrentlyinvestigating.

We alsoplan to addressthe topic of optimality, if needed.It is well understoodthatPFapproachescanyield

sub-optimalsolutions.SinceAP is similar to PF, similarproblemsarisewith AP. Ourexperiencethusfar indicates

thatthis is notacrucialconcern,especiallyfor thetasksthatwehaveexamined.However, if optimality is required

wecanapplynew resultsfrom controltheoryto designforcelaws thatguaranteeoptimality [33, 11].

Finally, futurework will focuson transitioningto real-world applications.For example,to transitionto MAVs,
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more attentionwill be given to the interactionbetweenthe platformsand the environment. We are currently

modelingfour differentenvironmentalinteractions:(1) goals,(2) obstacles,(3) the effectsof wind, and(4) the

friction of themedium.However, a richersuiteis requiredfor accuratemodels,suchassignalpropagationloss,

occlusionsof MAVs by obstaclesor otherMAVs, andweathereffects.Also, if “velocity matching”is eventually

required,informationabout“f acing”andtherelativespeedof neighborsmustbeobservedviasophisticatedsensors

or obtainedvia communicationwithin a commoncoordinatesystem.Analysiswill bemoredif�cult underthese

situations.Thespeedof MAVs doesnot appearto bea major issue– higherspeedimpliesa needfor smaller 
 �

(i.e., fastersensors).AP is ableto indicatehow fastsensorsmustbe,andto setlimits on thestrengthof obstacle

andgoalforcesto maintaina formation.

We considerAP to be onelevel of a morecomplex controlarchitecture.The lowestlevel controlsthe actual

movementof the platforms. AP is at the next higher level, providing “way points” for the robots,as well as

providing simplerepairmechanisms.Our goal is to put asmuchbehavior aspossibleinto this level, in order

to provide theability to generatelaws governingimportantparameters.However, thecurrentAP paradigmwill

not solve more complex tasks,involving planning,learning,repair from more catastrophicevents,and global

information. For example,certainarrangementsof obstacles(suchascul-de-sacs)will requirethe additionof

memoryandplanning. Hence,evenhigherlevelswill be required[42]. Learningis especiallyinterestingto us,

andwe would like to addit to AP. Learningis advantageousin thecontext of behavior-based[12, 16] andrule-

based[40, 36] systems,but its valuehasnot beenexploredin thecontext of a physics-basedsystem.Planningis

alsoimportant,to provide forwardreasoning,asopposedto reactive responses.
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