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joinT :: Term (Term a) -> Term a

joinT = gfoldT id App Lam distT

distT :: Incr (Term a) -> Term (Incr a)

distT Zero = Var Zero

distT (Succ x) = mapT Succ x

The function distT replaces Succs on terms by Succs on variables. It satisfies the

following properties2, easily established by cases:

distT · mapI Var = Var (18)

distT · mapI joinT = joinT · mapT distT · distT (19)

Using these equations, and the fusion laws for gfoldT , we can prove the coherence

laws for the monad operations on Term:

joinT · Var = id (20)

joinT · mapT Var = id (21)

joinT · mapT joinT = joinT · joinT (22)

For example, we give the proof of equation (22):

joinT · mapT joinT

= {definition of joinT }
gfoldT id App Lam distT · mapT joinT

= {map fusion, by distribution law (19)}
gfoldT (id · joinT ) App Lam (mapT distT · distT )

= {identity}
gfoldT (joinT · id ) App Lam (mapT distT · distT )

= {fusion (backwards), since joinT · Lam = Lam · joinT · mapT distT }
joinT · gfoldT id App Lam distT

= {definition of joinT }
joinT · joinT

4 Abstraction and application

It is time now to return to the main problem in hand, namely, to give the imple-

mentations of abstraction and application.

Abstracting with respect to a free variable x is easy: each occurrence of x in a

term is replaced by Zero, and each occurrence of a variable y 6= x is replaced by

Succ y. This is implemented by:

abstract :: Eq a => a -> Term a -> Term a

abstract x = Lam . mapT (match x)

2 These equations are part of the statement that distT is a distributive law (Barr and Wells, 1984)
between the monads on Term and Incr .
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match :: Eq a => a -> a -> Incr a

match x y = if x == y then Zero else Succ y

The definition of application is also quite short. We define application as a function

that takes a term t and the body b of a lambda abstraction, and replaces every

occurrence of Zero (the nameless variable bound by the abstraction) in b by t:

apply :: Term a -> Term (Incr a) -> Term a

apply t = joinT . mapT (subst t . mapI Var)

The function mapT (subst t · mapI Var) returns an element of Term (Term a), a term

of terms. The function joinT ‘flattens’ such elements into ordinary terms.

The actual substitution is done by the function subst t, a left inverse of match t:

subst :: a -> Incr a -> a

subst x Zero = x

subst x (Succ y) = y

Note that the type of subst implies the following ‘free theorem’ (Wadler, 1989):

f · subst x = subst (f x) · mapI f (23)

To check this definition of apply , let us prove that substituting an abstracted

variable returns the original term:

apply (Var x) · mapT (match x)

= {definitions}
joinT · mapT (subst (Var x) · mapI Var) · mapT (match x)

= {law (23)}
joinT · mapT (Var · subst x) · mapT (match x)

= {functor}
joinT · mapT (Var · subst x · match x)

= {functor, monad law (21)}
mapT (subst x · match x)

= {definitions of subst , match}
mapT id

= {functor}
id

5 An extension of de Bruijn’s notation

Substitution on de Bruijn terms transforms arguments as well as function bodies,

thus precluding sharing. Consider the example term from section 1, with the variables

rewritten in unary notation:

λ.0 (λ.S0 0 (λ.SS0 S0 0))

If this term is applied to the term λ.0 S0, the result is

(λ.0 S0) (λ.(λ.0 SS0) 0 (λ.(λ.0 SSS0) S0 0))



88 R. S. Bird and R. Paterson

where the three versions of the argument are underlined. There is a generalisation

of de Bruijn notation in which S can be applied to any term, not just a variable

(Paterson, 1991). Its effect is to escape the scope of the matching λ. With this looser

representation of terms, one can avoid transforming arguments while substituting.

In the above example, substitution yields

(λ.0 S0) (λ.S(λ.0 S0) 0 (λ.SS(λ.0 S0) S0 0))

In effect, we have postponed pushing the S’s down to the variables.

We still require that each S or 0 have a matching lambda. This constraint is

captured by the following definition:

data TermE a = VarE a

| AppE (Pair (TermE a))

| LamE (TermE (Incr (TermE a)))

Note that TermE is doubly nested. A similar definition can be used to model

quasiquotation (literal data with an escape operator) as in Scheme (Clinger and

Rees, 1991) or multi-stage programming languages like MetaML (Taha and Sheard,

1997).

Though TermE is more complex, we can follow the same steps as for BinTree

and Term . The mapping function for TermE is given by:

mapE :: (a -> b) -> TermE a -> TermE b

mapE f (VarE x) = (VarE . f) x

mapE f (AppE p) = (AppE . mapP (mapE f)) p

mapE f (LamE t) = (LamE . mapE (mapI (mapE f))) t

The generalised fold operator is

gfoldE :: (forall a. m a -> n a) ->

(forall a. Pair (n a) -> n a) ->

(forall a. n (Incr (n a)) -> n a) ->

(forall a. Incr a -> m (Incr a)) ->

TermE (m b) -> n b

gfoldE v a l k (VarE x) = v x

gfoldE v a l k (AppE p) = (a . mapP (gfoldE v a l k)) p

gfoldE v a l k (LamE t) = (l . gfoldE v a l k .

mapE (k . mapI (gfoldE v a l k))) t

Note the change in type for the last argument k: a lambda abstraction for extended

terms with variables of type mb has type

TermE (Incr (TermE (mb)))

Applying mapE (mapI (gfoldE v a l k)) to a value of this type produces an element of

type

TermE (Incr (n b))

Applying mapE k to this element produces an element of type

TermE (m (Incr (n b)))
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A second recursive application of gfoldE v a l k now produces an element of the type

required by l, namely,

n (Incr (n b))

The identity law for extended terms is

gfoldE ′ VarE AppE LamE id = id (24)

The map-fusion law is

gfoldE v a l (h · k) · mapE h = gfoldE (v · h) a l k (25)

The fusion law for gfoldE v a l k :: TermE (M a)→ N a is

h · gfoldE v a l k = gfoldE v′ a′ l′ (mapM k′ · k) (26)

⇐


h · v = v′
h · a = a′ · mapP h

h · l = l′ · h · mapN (k′ · mapI h)

Extended terms also comprise a monad, with unit VarE and join operator defined

by:

joinE :: TermE (TermE a) -> TermE a

joinE = gfoldE id AppE LamE VarE

Verification of the monad laws is straightforward. For example, we will prove that

joinE · mapE joinE = joinE · joinE (27)

We have

joinE · mapE joinE

= {definition of joinE}
gfoldE id AppE LamE VarE · mapE joinE

= {definition of joinE}
gfoldE id AppE LamE (joinE · VarE · VarE ) · mapE joinE

= {map fusion}
gfoldE joinE AppE LamE (VarE · VarE )

= {naturality of VarE}
gfoldE joinE AppE LamE (mapE VarE · VarE )

= {fusion (backwards)}
joinE · gfoldE id AppE LamE VarE

= {definition of joinE}
joinE · joinE

With the definitions above, we can define abstraction and application:

abstractE :: Eq a => a -> TermE a -> TermE a

abstractE x = LamE . mapE (mapI VarE . match x)

applyE :: TermE a -> TermE (Incr (TermE a)) -> TermE a

applyE t = joinE . mapE (subst t)
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Finally, let us see how to convert extended terms into ordinary ones. We want a

function

cvtE :: TermE a -> Term a

We will define cvtE as an instance of gfoldE . Typing considerations dictate that

m = Id and n = Term in the type assignment for gfoldE . Once again Haskell forces

us to define a variant gfoldE ′, whose definition is the same as that of gfoldE , but

with m specialised to Id . We define

cvtE = gfoldE’ Var App (Lam . joinT . mapT distT) id

To check this definition, we can show that cvtE is a monad morphism, that is, it

satisfies the equations:

cvtE · VarE = Var (28)

cvtE · joinE = joinT · mapT cvtE · cvtE (29)

The first is immediate from the definition, and the second is an appeal to fusion:

cvtE · joinE

= {definition of joinE}
cvtE · gfoldE id AppE LamE VarE

= {fusion}
gfoldE cvtE App (Lam · joinT · mapT distT ) (mapE id · VarE )

= {identity}
gfoldE cvtE App (Lam · joinT · mapT distT ) VarE

= {map fusion (backwards)}
gfoldE id App (Lam · joinT · mapT distT ) (cvtE · VarE ) · mapE cvtE

= {definition of cvtE}
gfoldE id App (Lam · joinT · mapT distT ) Var · mapE cvtE

= {identity}
gfoldE id App (Lam · joinT · mapT distT ) (Var · id ) · mapE cvtE

= {fusion (backwards)}
joinT · gfoldE ′ Var App (Lam · joinT · mapT distT ) id · mapE cvtE

= {definition of cvtE}
joinT · cvtE · mapE cvtE

= {naturality of cvtE}
joinT · mapT cvtE · cvtE

This equation is used in the proof that substitution on extended terms correctly

mirrors substitution on de Bruijn terms:

cvtE · applyE t = apply (cvtE t) · cvtBodyE (30)

where cvtBodyE converts an extended abstraction body to a simple one:

cvtBodyE :: TermE (Incr (TermE a)) -> Term (Incr a)

cvtBodyE = joinT . mapT distT . cvtE . mapE (mapI cvtE)

The proof is lengthy but routine, and we omit it.
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6 Conclusion

Our representation of de Bruijn terms illustrates the ability of nested datatypes to

express constraints on data structures, so that they can be enforced by the type

checker. It has also served as a test case for the extension to nested datatypes of

structuring principles developed for regular datatypes, using maps, folds and monads.

In the case of de Bruijn terms, these operators do most of the work, including

handling bound variables, so that the definition of application and abstraction is

particularly simple. Moreover, with programs structured in this way most proofs

are mechanical, and were indeed generated using the simple automatic calculator

described in Bird (1998).

Programs that manipulate nested types require a number of recently explored

extensions of the Hindley-Milner type system. The limited form of type constructor

polymorphism provided by Haskell has been an occasional hindrance, forcing us

to define specialised versions of polymorphic functions, or new datatypes that are

equivalent to existing types; in both cases an opportunity for reuse is lost. It might be

reasonable to design a language in which these restrictions were lifted, at the cost of

explicit abstraction and instantiation with respect to type constructors, but not types.
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