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e Start with a functor o F that has no fixpoint,
i.e., Va. 7 g:a F - «. bij_betw ¢
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Fix (a F, Fmap, Fatms) a “natural functor”.

We define F-algebras and F-morphisms:
alg(A=aset,s:aF—>a)=images (FA)c A

mor (A, s) (B,t) h=
image h Ac B A
(VreFA. t(Fmaphz)=h(sz))
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An algebra (A, s) is called: FA——A
Fmap hl iEI!h
FB——RB

quasi initial if, for all algebras (B, t),
there exists at most one morphism h: (A, s) - (B, t)

weakly initial if, for all algebras (B, ),
there exists at least one morphism h: (A, s) — (B,t)

initial if it is both quasi initial and weakly initial



HOL with impredicative
polymorphism is inconsistent

Lambek's Lemma: For any initial algebra (A, s), the function
s is a bijection between F A and A.



HOL with impredicative
polymorphism is inconsistent

Lambek's Lemma: For any initial algebra (A, s), the function
s is a bijection between F A and A.

Proof. FA J A
Fmap hl/ Bl
F(F A) Fmap s FA id
Fm \
FA A

1. Obtain h from weak initiality of (A, s)

2. soh=id from quasi initiality of (A, s)

3. hos=Fmap soFmaph=Fmap (soh)=Fmapid=id
4. From 2 and 3: h is the inverse of s
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Lambek’s Lemma: For any initial algebra (A, s), the function
s is a bijection between F A and A.

Lemma: Any algebra (A, s) has a subalgebra that is quasi
initial, namely its minimal subalgebra minSub (A, s) = (Ao, s)
where Ag=N{Bc A|alg(B,s)}.

Corollary: The minimal subalgebra of any weakly initial algebra
(A, s) is an initial algebra.
Proof. Uniqueness from the lemma.
Existence from weak initiality of (A, s): FA,—— A
Fmapid\L iid
FA——A
Fmap hi iﬂh
FB——B
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1. Build a weakly initial algebra
as the product (P, sg) of all algebras

Pi=Tla.a-> (a—a) >«
Let o F be « + unit ~ impredicative encoding of nat = Ifp F
Reynolds (1983): Impredicative products are OK if we only
accept parametric items

[Tomype @ = (@ > @) » a only the Church numerals

[Toimype @ 1s empty [Taitype @ = ¢ is a singleton

Reynolds (1984): No set-theoretic interpretation:
contradiction taking « F to be (a — bool) — bool

Coquand (1994): Internalized in impredicative HOL
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without impredicativity
1. Build a weakly initial algebra
as the product (P, sg) of all algebras
This was excessive!

We want (P, sg) — (A, s) to any algebra (4, s)

Don't need to product all algebras — but only a complete collection
of representatives

Can a single HOL type host such a complete collection?
No, since algebras can be arbitrarily large

Can further restrict to (representatives for) minimal
subalgebras: (P, so) > minSub(A, s) <= (A, s)

Can a single HOL type host a complete collection of
representatives for the minimal subalgebras?

Yes, if Fatms x is bounded by a fixed cardinal Fbd.
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Lemma: Assume Fbd regular cardinal, and

Va. Vo :aF. |Fatms z| < Fbd. Let (Ag, s) = minSub(A4, s).

Then |Ag| < Fbd.

Proof. Recall that

Ag=N{Bc Alalg(B,s)}=Ifp (AB.image s (F B)).

Need alternative definition “from below”: Ay = U; cardinal Bi
By =@ By+1 =image s (F B,,)
B, =Up«w Bn By =images (F B,) ...

When reach fixpoint and stop? In Fbd steps: Ag = U;<ppq Bi-

By transfinite induction, Vi < Fbd. |B;| < Fbd.
Hence, by cardinal arithmetic, |Aq| < Fbd.
QED
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1. Build a weakly initial algebra
as the product (P, sg) of all minimal representatives
By = [1(A, s) € Algsricig roa- A
where Algs, = {(4,s) easetx (e« F—>«) | alg (4,s)}
soxr=NA,s).s(Fmap (Ap. p (A, s)) x)

2. Take (I, so) to be the minimal subalgebra of (P, s0). v/

3. By Lambek, sq is a bijection between I and F I,

contradicting our assumption about F.
Fatms no longer bounded!
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Failed to prove inconsistency of predicative HOL ©

But did construct the initial algebra abstractly for o F
with impredicativity, suffices natural functor (Fatms, Fmap)
without impredicativity, also need boundedness (Fbd)
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Modular, Open-Ended (Co)datatypes in Isabelle/HOL

datatype « list = Nil | Cons o (« list)
alist = Ifp (AS. unit + o x 3)
codatatype « tree = Node « (v tree 7) — you name it

a tree = gfp (AS. a x 3 list)
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Formalization

On the way, formalized rich theory of ordinals and cardinals
ordinal arithmetic
customized ordinal induction and recursion
cardinal arithmetic
cofinalities, regular cardinals

Major HOL limitation: no class of all ordinals/cardinals
Everything needs to be localized

e OK for our (co)datatype constructions

e not OK for proving fancier results about cardinals
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Conclusion

Impredicative polymorphism is not set-theoretic
(Reynolds) hence inconsistent in HOL (Coquand)

However
Predicative polymorphism + formalized cardinals are

fruitfully category-theoretic in HOL
. and probably even more so in HOL,,, Coq, etc.
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