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Abstract. This paper details an extension to Wand’s algorithm to han-
dle the polymorphic let (a.k.a. ML-Let) construct. We have extended
Wand’s algorithm by extending the constraint language and by using
a multi-phase unification algorithm in the constraint solving phase. We
show the correctness of our approach by extending the Wand’s sound-
ness and completeness results. We have validated our approach against
other popular type reconstruction algorithms by implementing OCaml
prototypes and running them on non-trivial examples.

1 Introduction

The general type reconstruction problem can be formulated as:

Given a well-formed term M without any types, does there exist a
type τ and a type environment1 Γ such that we can form a judgment
Γ ⊢ M : τ ?

Type reconstruction is a popular feature in many modern functional program-
ming languages. Underlying any type reconstruction algorithm is a set of rules
called a type system. One of the most widely used type systems is the Hindley-
Milner (HM) type system, first mentioned in [Mil78] by Milner, but discov-
ered independently by Hindley [Hin69]. Various type reconstruction algorithms
[Mil78, LY98, DM82, Wan87] have been proposed to implement the HM type
system. In fact, there is a very elegant exposition on ML type inference by
Pottier and Rémy [PR05]. Many of the algorithms are characterized by an in-
termittent constraint generation and constraint solving. But over the years, fo-
cus has shifted to algorithms having a clear separation of constraint generation
and constraint solving phases. This separation leads to better error messages

⋆ This material is based upon work supported by the National Science Foundation
under Grant No. NSF CNS-0613919.

1 In our case, the initial environment is empty since we are dealing with closed terms.



[Hee05, PR05] when the constraint set is unsatisfiable (since a larger set of con-
straints is available to reason about the error). Moreover the separation provides
a clean abstraction of the various substitution-based algorithms2 since most well
known algorithms are specific instances of various constraint solving strategies.

The type inference involving polymorphic let construct is a non-trivial prob-
lem, in fact, in the worst case, it is a DEXPTIME3-complete and PSPACE-
hard problem [PJ89, Mai89] in the levels of nested lets. But on average the
type inference problem is solvable in polynomial time. Moreover the litera-
ture on constraint-based type reconstruction is sparse and uneven; they do not
seem to be a natural extension of Wand’s algorithm [Wan87]. Even the popular
book [Pie02] on types has no references on how to handle ML-Let construct
in constraint-based algorithms. Whatever literature there is requires specialized
knowledge [SOW97] or is too specialized to a particular constraint representa-
tion [AW93]. Also, it is questionable whether these approaches help in generating
good quality error messages when the type inference fails.

On the other hand, Helium compiler[HLI03] is known for giving good quality
error messages and a very simple constraint representation4 is used for handling
the let construct. But there have been no published account of such an approach
so far. This paper describes an approach where the Helium’s constraint represen-
tation is used to handle let polymorphism. Our approach builds upon Wand’s
algorithm and our proofs rely on the soundness and completeness of Wand’s
algorithm. We have validated our approach with some of the known type re-
construction algorithms [Kot07]. In summary, our contributions in this paper
are:

1. A new modular extension to Wand’s algorithm to handle polymorphic let.
2. New soundness and completeness proofs for Wand’s algorithm.
3. Soundness and completeness proofs of the extension with a novel desugaring

of polymorphic lets.
4. Ocaml implementation of Wand’s algorithm and the extension.

The rest of this paper is organized as follows: Section 2 reviews the previous
methods for inferring the type of the let construct. Section 3 introduces the
concepts and terminologies needed for this paper. Section 4 gives an overview
of the Wand’s algorithm and details soundness and correctness results. Section
5 describes the extension to Wand’s algorithm for handling the polymorphic let
construct. Section 7 summarizes our current work and mentions further work.

We use the following type-preserving transformation [Mai89] to make all the
let-bindings let free:

let x = (let y = M in N) in P =⇒ let y = M in (let x = N in P )

2 Throughout this paper we term substitution-based algorithms as those algorithms
which intermix constraint generation and constraint solving whereas algorithms with
a clear separation are termed constraint-based algorithms.

3 DTIME(2nO(1)

)
4 Personal Communication from Bastiaan Heeren.
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In other words, in a term like let x = M in N the sub-term M can be made let-
free without changing the type of an expression. This is not a restriction on our
algorithm (see Example 2) but is intended to make proofs simpler. We restrict
the notion of monomorphism5 to just one occurrence of a let-bound variable in
the let-body rather than the more general notion of having just one form. This
is a more restricted notion but does not affect any of the results in this paper.
For a polymorphic-let term let x = M in N , we use N as a context and denote
one hole (one occurrence of a polymorphic let variable) in the context by [ ].
Thus, context with a hole filled by a let-bound variable is represented by the
term N [x].

2 Literature Review

We review both constraint-based and substitution-based algorithms in their
handling of the let construct. A survey of substitution-based algorithms is avail-
able in [Kot07]. Wand [Wan87] looked at a language based on pure untyped
lambda calculus. However, extension to the algorithm to handle let construct
remained a future work6. Aiken and Wimmers [AW93] hint at how inclu-
sion constraints (of the form X ⊆ Y ) over type expressions can be used for
handling the let construct. They introduce a type scheme ∀α.τ where S involv-
ing universal quantification of a type expression τ and its associated constraints
S. However, it doesn’t lends itself as an extension to Wand’s algorithm. Liang
[Lia97] handled the let construct by giving a new algorithm named Wπ where
the gen operation is not used as it leads to declarative formulation of type infer-
ence. This approach again is a substitution-based algorithm. Lee and Yi [LY98]
mention a substitution-based, top-down algorithm very similar to Algorithm W
but gives better error messages when the unification fails. They handle the let
construct by using the gen operator. Shao and Appel [SA93] uses an operation
called polyunify, which merges the two assumption environments generated from
the expressions e1, e2 in let x = e1in e2 and followed by matching with the type
environment. Again the algorithm presented in their work is substitution-based.
Milner [Mil78] handles the let construct by giving two algorithms, namely Al-
gorithm W and Algorithm J, but both these algorithms are substitution-based
algorithms where constraints are solved as soon as possible. There is no clear
separation between constraint solving and constraint generation phases. Heeren
[Hee05] suggests three constraint representations to handle the let construct.
Specifically, he addresses the third constraint representation (given below) in his
thesis. Note that each representation is equally expressive. We summarize the
three representations:

Approach 1. Qualification of type constraints: Types schemas contain a
constraint component as part of its type as shown by the following grammar:

5 In a let-term let x = M in N , x is monomorphic if the cardinality of the set FV (N)
with respect to x (denoted by | FV (N) |x ) is 1 or less.

6 Personal communication from Mitchell Wand.
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σ ::= ∀−→α .σ | C ⇒ τ

For example, an expression λx.x can be assigned a type τ1 → τ2 under the
constraint τ1 ≡ τ2. So the overall type for the above expression is given
as ∀τ1, τ2.τ1 ≡ τ2 ⇒ τ1 → τ2. In many ways, this approach is similar to
HM(X)[SOW97], qualified types [?], and Pottier and Rémy’s account of type
inference . Clearly this approach is simple as we deal only with equality
constraints. But to deal with polymorphism, local definitions are in-lined at
each usage and thus leads to poor error messages if the constraints generated
are unsatisfiable.

Approach 2. Introducing type scheme variables: The type constraint lan-
guage is extended to take into account generalization and instantiation of
type schemes. The constraint language is modified to:

C ::= τ1 ≡ τ2 | σ := GEN(Γ, τ ) | τ := INST (σ)

In fact our approach uses the above constraint language and follows closely
the constraint generation phase as described by Heeren [Hee05] but the con-
straint solving phase is quite different. There is no published account of the
constraint solving phase for this representation.

Approach 3. Collecting implicit instance constraints: This approach sug-
gests merges the generalization and instantiation constraints in the above
approach.The constraint language now becomes:

C ::= τ1 ≡ τ2 (equality constraint) | τ1 ≤M τ2 (implicit instance constraint)

The semantics of implicit instance constraint is as follows: the type τ1 is
obtained by generalizing the free variables of type τ2 excluding the type
variable that are free in M. The advantage of this approach is that there are
no type scheme variables in the constraints or in the type environment. The
solving of implicit instance constraints is order-dependent. The order given
by the set of active variables.

Muller [Mül94] gives a constraint-based algorithm for handling the let con-
struct. Here the constraints are implemented in a relational calculus, ρdeep with
higher-order abstractions (for polymorphic types) and 1st-order constraints (for
monomorphic type). Sulzmann et. al. [SOW97] introduced HM(X) framework
parametrized by the constraint domain X. For the HM type systems, the param-
eter X is instantiated to standard Herbrand constraint system. Type schemes are
treated as constrained types of the form ∀α.C ⇒ σ, where C is a constraint in
X that restricts the types that can be substituted for α. Monomorphic type τ
is treated as ∀α.true ⇒ τ where α /∈ FTV (τ). The typing judgments are of the
form ψ,C, Γ ⊢w e : τ . Additionally, a normalization step is performed to con-
vert constraints in term constraint system to get a constraint C in cylindrical
constraint system X . Rémy and Pottier [PR05] describe a less abstract ap-
proach to type inference but their approach is again based on constrained types
much like HM(X). Choppella [Cho05] presents an algorithm WE that relies
on a limited separation of type equations from their solutions. Specifically, type
generation is continued until a let expression is encountered in which case the
type equations are solved before proceeding further.
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3 Preliminaries

We assume familiarity with the notion of types and functional programming
and lambda calculus. For an overview of type systems in programming languages
readers can refer to Cardelli’s paper [Car97] and the Pierce’s book(s) [Pie02,
PR05]. Next we describe the terms and types language considered in this section.

The terms considered here are pure lambda terms given by the following
grammar:

Λ ::= x | MN | λx.M

In this paper we follow the usual conventions for lambda calculus: arrow types
associate to the right, function applications associate to the left, and applications
bind more tightly than abstractions. The set of free variables of a term is defined
as:

FV(x) = {x}
FV(λx.M) = FV(M) - {x}
FV(M N) = FV(M) ∪ FV(N)

The set of bound variables of a term is defined as:

BV(x) = {x}
BV(λx.M) = BV(M) ∪ {x}
BV(M N) = BV(M) ∪ FV(N)

Capture avoiding substitution, denoted by M[x:=N], is given as:

x[y:=M] = x
x[x:=M] = M
(M L)[x:=N] = (M[x:= N] L[x:= N])
(λx. M)[x:= N] = λx. M
(λy. M)[x:= N] = (λy. M[x := N]) if y /∈ FV (N)
(λy. M)[x:= N] = (λz. (M[y := z])[z:= N]) if y ∈ FV (N) and z is new

The types for untyped lambda terms is given by the following grammar:
τ ::= α | τ1 → τ2

The type is either a type variable or an arrow type. We follow the convention
that α, β denotes a type variable whereas τ denotes a type expression that is
derived from the above grammar and → associates to the right. For example,
α → β → α should be read as α → (β → α). A type environment, denoted by
Γ , maps type variables to type expressions. The set of free type variables (FTV)
of a type expression τ is denoted by FTV (τ). Terms and types are related
by assertions, Γ ⊢ M : τ , where M is a term, τ is a type, and Γ is a type
environment. We denote type environment where x is not in the domain of Γ by
Γ\x. A derivation of an assertion Γ ⊢ t : τ is a finite tree of assertions, where
the root is Γ ⊢ t : τ . Every assertion in that tree is related to its parent by an
instance of the type rules. In this paper, we consider three different type systems:
Hindley-Milner type system illustrated in Fig. 1, Wand’s system illustrated in
Fig. 2 and Wand’s system extended with polymorphic-let (described in Sec. 5).
We denote a derivation by ∆x where ∆ denotes a derivation and the subscript x
denotes the type system. For example, ∆W , ∆W+ , and ∆HM denote a derivation
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in Wand’s system, extended Wand’s system and the Hindley-Milner type system
respectively. Similarly, every judgment also gets a subscript to qualify it as a
judgment in a particular type system. For example, a judgment in Hindley-
Milner type system is denoted by Γ ⊢HM t : τ .

Γ ⊢HM x : τ
where x : τ ∈ Γ (HM-Var)

Γ\x ∪ {x : τ1} ⊢HM M : τ0

Γ ⊢HM λx.M : τ1 → τ0
(HM-Abs)

Γ ⊢HM M : τ1 → τ Γ ⊢HM N : τ1

Γ ⊢HM MN : τ
(HM-App)

Fig. 1. Syntax Directed Hindley-Milner type system

Γ, {α
e
= τ} ⊢W x : α

where x : τ ∈ Γ and α is fresh (W-Var)

(Γ\x) ∪ {x : α}, E ⊢W M : β

Γ, E ∪ {τ
e
= α → β} ⊢W λx.M : τ

where α, β are fresh (W-Abs)

Γ, E1 ⊢W M : α → τ Γ, E2 ⊢W N : α

Γ, E1 ∪ E2 ⊢W MN : τ
where α is fresh (W-App)

Fig. 2. Wand’s type system

A substitution is a mapping from a type variables to type expressions. For a
substitution ρ, the domain (dom) is the set of variables given by {x | ρx 6= x}
and the range is the set

S

x∈dom(ρ)

{ρx} . Often, we consider the mappings as

finite. In that case, a substitution maps type variables to themselves, if the
type variables are not in the domain of the substitution. A substitution ρ is
idempotent if ρ◦ρ = ρ. An empty substitution is denoted by Id Idempotency can
also be characterized as the following condition: dom(ρ) ∩ FV (range(ρ)) = ∅.
Let ρ1, ρ2 be two substitutions then composition of substitution, ρ1 ◦ ρ2, is given
extensionally as:

∀α. (ρ1 ◦ ρ2)(α) = ρ1(ρ2(α))

Substitution composition is associative but non-commutative. For example, con-
sider substitutions ρ1, ρ2, ρ3 then (ρ1◦ρ2)◦ρ3 = ρ1◦(ρ2◦ρ3) but ρ1◦ρ2 6= ρ2◦ρ1.
A type τ ′ is a substitution instance of a type τ if τ ′ = ρτ . Substitution application
to a type environment Γ , denoted by ρΓ , is defined as:

{x : ρτ | x : τ ∈ Γ}
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In Wand’s system, constraints plays a central role. Specifically, Wand’s algorithm
generates equality constraints between type expressions of the form τ1

e
= τ2. We

call such a constraint an e-constraint and denote it by
e
= . Two type expressions

τ1 and τ2 are unifiable if there exists a substitution ρ such that ρτ1 = ρτ2. In such
a case ρ is called a unifier. More formally, we denote solvability of a constraint by
|= (read solve). We write ρ |= τ1

e
= τ2, if ρτ1 = ρτ2. We can generalize solvability

to a set of constraints. Let e denote a particular e-constraint of the above form
then we write ρ |= E if and only if for every e ∈ E, ρ |= e. A type judgment
in Wand’s system is given as Γ,E ⊢ M : α, where E denotes a constraint set.
Sometimes we ignore the constraint component of the judgment to simplify the
proofs. In that case, we denote a judgment by Γ ⊢ M : τ wherein we have
assumed that there is some substitution ρ, generated by solving E, such that
ρα = τ . Although Wand doesn’t cite any particular constraint solving algorithm,
we include here (see Appendix A) a description of a unification algorithm based
on the Robinson’s algorithm [Rob65]. This makes the paper complete and also
gives clarity to our work.

4 Wand’s Algorithm

We discuss Wand’s algorithm and prove algorithm’s soundness and complete-
ness with respect to Hindley-Milner type system.

4.1 Sketch of Wand’s Algorithm

Let G denote a set of goals and E a set of constraints given by the grammar
C above. Then we can sketch the algorithm as:

Input. A term M0 of Λ.

Initialization. Set E = ∅ and G = {(Γ0,M0, τ0)}, where τ0 is a fresh variable.

Loop Step. If G = ∅ then return E else choose a subgoal (Γ,M, τ) from G,
delete the subgoal from G and add to E and G new verification conditions
and subgoals generated by the action table given below.

Unify constraints. Unify constraints in E using the algorithm described in
Appendix A.

The action table serves as a black box effectively separating the constraint solving
from constraint generation. For untyped lambda calculus, the action table has
the following semantics:

Case (Γ, x, τ). Let τ1 = Γ (x). Add τ
e
= τ1 to E.

Case (Γ,MN, τ). Let α be a fresh type variable. Generate subgoals (Γ , M,
α→ τ) and (Γ,N, α).

Case (Γ, λx.M, τ). Let α1 and α2 be two fresh type variables. Generate equa-

tion τ
e
= α1 → α2 and subgoal (Γx ∪ {x : α1},M, α2).
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We can now describe the soundness and completeness results as stated by
Wand but before that we introduce some additional terminologies. If (Γ,M, τ)
is a type expression assertion, we write ρ |= (Γ,M, τ) if and only if ρΓ ⊢M : ρτ ,
and if G is a set of type-expression assertions, we write ρ |= G if and only if
ρ |= g for each g ∈ G. Finally, we say ρ solves (E,G) if and only if ρ |= E and
ρ |= G.

(Soundness) ∀ρ.ρ |= (E,G) ⇒ ρΓ0 ⊢M0 : ρτ0
(Completeness) Γ ⊢M0 : τ ⇒ (∃ρ. ρ |= (E,G) ∧ Γ = ρΓ0 ∧ τ = ρτ0)

The proof of the soundness invariant was never published by Wand whereas
the proof of completeness invariant is proved by induction on the number of
action steps. We have reformulated completeness and soundness to make it more
abstract (by eliminating the goal set). This also help us state and prove the
correctness of the extension in terms of the correctness of the Wand’s algorithm.

Theorem 1 (Soundness and Completeness). Wand’s algorithm is sound
and complete with respect to the Hindley-Milner type system.

Proof. The proof is given by Theorem 2 (soundness) and Theorem 3 (complete-
ness).

⊓⊔

Before we state and prove the soundness result we state some auxiliary lemmas.

Lemma 1. If ρ |= E1 ∪ E2, then ρ |= E1 and ρ |= E2.

Lemma 2. For any type environment Γ , substitution ρ, and x ∈ dom(Γ ),
(ρΓ )\x = ρ(Γ\x).

Proof. By induction on the structure of Γ .

Base case. Let Γ = ∅. We must show (ρ∅)\x = ρ(∅\x). But that follows triv-
ially.

Induction case. Assume Γ ′ = Γ ∪ {y : τ}(for some y, τ) then we must show
(ρΓ ′)\x = ρ(Γ ′\x). We have two cases:
Case y 6= x. Then (ρΓ ′)\x = ρ(Γ ∪ {y : τ})\x. But, by Lemma 2, that is

(ρΓ ∪{y : ρτ})\x = (ρΓ\x)∪({y : ρτ}\x). By induction hypothesis, this
becomes ρ(Γ\x)∪({y : ρτ}\x). But this is same as ρ((Γ\x)∪({y : τ}\x))
and that is nothing else but ρ((Γ ∪ {y : τ})\x)) = ρ(Γ ′\x) as desired.

Case y = x. Trivial.
⊓⊔

Theorem 2 (Soundness). If there is a derivation of Γ0, E ⊢W M0 : τ0 gener-
ating constraint set E, then, for any ρ such that ρ |= E, ρΓ0 ⊢HM M0 : ρτ0 is
derivable.

Proof. Proof by induction on the structure of derivation. Let∆W be a derivation
of Γ0, E ⊢W M0 : τ0. We have three cases based on the typing rule used in the
last derivation:
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Case W-Var. Then M0 is x for some x. Then there is a derivation of Γ0, E ⊢W

x : τ0, where E = {τ
e
= τ0} such that x:τ ∈ Γ0 for some τ . Let ρ |= E. Then

ρ = {τ0 7→ τ}. Since x:τ0 ∈ Γ0 so x : ρτ0 ∈ ρΓ0 and therefore there is a
derivation of ρΓ0 ⊢HM x : ρτ0.

Case W-Abs. Then M0 is of the form λx.M for some x, M and there is a
derivation of Γ0, E ⊢W λx.M : τ0 given by:

...

(Γ0\x) ∪ {x : β}, E′ ⊢W M : τ1

Γ0, E′ ∪ {τ0
e
= β → τ1} ⊢W λx.M : τ0

Let E = E′ ∪ {(τ0
e
= β → τ1)}. So, for some τ1 and β, (τ0

e
= (β → τ1)) ∈ E.

Assume ρ |= E but then, by Lemma 1, ρ |= E′ and ρ |= τ0
e
= (β → τ1). Then,

by the induction hypothesis, there is a HM derivation of ρ((Γ0\x) ∪ {x :
β}) ⊢HM M : ρτ1. But this is same as (ρ(Γ0\x) ∪ {x : ρβ}) ⊢HM M : ρτ1.
By Lemma 2, ((ρΓ0)\x) ∪ {x : ρβ} ⊢HM M : ρτ1 is derivable. Then we can
construct the following derivation:

...
((ρΓ0)\x) ∪ {x : ρβ} ⊢HM M : ρτ1

ρΓ0 ⊢HM λx.M : ρβ → ρτ1

But we already know ρ |= τ0
e
= β → τ1 i.e. ρτ0 = ρβ → ρτ1. Thus, ρΓ0 ⊢HM

λx.M : ρτ0 is derivable.
Case W-App. Then M0 is of the form MN for some M and N. Then there is

a derivation of Γ0, E ⊢W MN : τ0 for some E and is:

...
Γ0, E1 ⊢W M : α → τ0

...
Γ0, E2 ⊢W N : α

(α is fresh)
Γ0, E1 ∪ E2 ⊢W MN : τ0

We must show that if, for any ρ such that ρ |= E1 ∪ E2, then ρΓ0 ⊢HM

MN : ρτ0 is derivable. Choose arbitrary ρ such that ρ |= E1 ∪E2. But then,
by Lemma 1, ρ |= E1 and ρ |= E2. So, by the inductive hypothesis, both
ρΓ0 ⊢HM M : ρ(α → τ0), and ρΓ0 ⊢HM N : ρα are derivable. But then,
since ρ(α→ τ0) = ρα→ ρτ0, so

...
ρΓ0 ⊢HM M : τ1 → ρτ0

...
ρΓ0 ⊢HM N : τ1

(for some τ1 = ρα)
ρΓ0 ⊢HM MN : ρτ0

is a valid derivation in Hindley-Milner type system.
⊓⊔

Lemma 3. For any two type environments Γ1 and Γ2, and for some substitution
ρ, if ρΓ1 = Γ2 and FTV (τ) ⊆ dom(Γ2) then ρτ = τ .

Lemma 4. If ∆W proves Γ,E ⊢W MN : τ and {αi} ∈ FTV (∆)−{FTV (τ), FTV (Γ )}
where {αi}∩ {βi} = ∅ then ∆[αi := βi] is also a derivation of Γ,E ⊢W MN : τ .
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Next, we prove the completeness result. The result is formally stated in the
following theorem:

Theorem 3. (Completeness) If ∆HM is a derivation of Γ ⊢HM M0 : τ , then
for any ρ, τ0, and Γ0 such that dom(ρ) = (FTV (Γ0) ∪ {τ0}), ρΓ0 = Γ , and
ρτ0 = τ then there exists a derivation ∆w of Γ0, E ⊢W M0 : τ0, and there exists
a substitution ρ′ such that ρ ⊆ ρ′ and ρ′ |= E.

Proof. The proof proceeds by induction on the last step used in the derivation
∆HM . Assume ∆HM is the derivation of Γ ⊢HM M0 : τ . We have three cases:

Case HM-Var. Then M0 is a variable x, for some x. Choose arbitrary ρ, τ0, Γ0

such that dom(ρ) = FTV (Γ0) ∪ {τ0}, ρΓ0 = Γ and ρτ0 = τ . Then we must
show: Γ0, E ⊢W x : τ0 is derivable and there exists a substitution ρ′ such

that ρ ⊆ ρ′ and ρ′ |= E. Then ∆HM is
Γ ⊢HM x : τ

where x : τ ∈ Γ .

But then we can construct ∆W as
ρΓ0, {α

e
= τ0} ⊢W x : τ0

and is a

derivation if x : α ∈ ρΓ0 for some α. Let α = ρτ0 then since we know
ρΓ0 = Γ , ρτ0 = τ and x : τ ∈ Γ , so x : ρτ0 ∈ ρΓ0. Then x : α ∈ ρΓ0.
And E = {τ0

e
= τρtau0}. Then, let ρ′ = ρ and we need to show ρ |= E i.e.

ρ(ρτ) = ρτ . But that follows since ρ is idempotent. Thus ρ ⊆ ρ′ and ρ′ |= E
as was to be shown.

Case HM-App. Then M0 is of the form LN for some L and N . Then the
derivation ∆HM is of the following form:

...
Γ ⊢HM L : τj → τ

...
Γ ⊢HM N : τj

for some τj
Γ ⊢HM LN : τ

Choose arbitrary ρ, β, Γ0 such that dom(ρ) = FTV (Γ0) ∪ {β}, ρΓ0 = Γ
and ρβ = τ . Then we must show Γ0, E1 ∪ E2 ⊢W LN : β is derivable,
for some E1, E2, and there exists a substitution ρ′ such that ρ ⊆ ρ′ and
ρ′ |= (E1 ∪ E2). Since dom(ρ) = FTV (Γ0) ∪ {β} so α /∈ dom(ρ). Since
Γ ⊢HM L : τj → τ is derivable so, by the induction hypothesis, if we can
show (ρ ∪ {α 7→ τj})Γ0 = Γ and (ρ ∪ {α 7→ τj})(α → β) = τj → τ , then
we can assume Γ0, E1 ⊢w L : α → β is derivable and there exists a ρ′L such
that ρL ⊆ ρ′L and ρ′L |= E1. Consider (ρ∪{α 7→ τj})Γ0. But since α is fresh,
so α /∈ FTV (Γ0) and therefore (ρ ∪ {α 7→ τj})Γ0 = ρΓ0. Next, consider
ρ ∪ {α 7→ τj}(α → β). This is same as ρ(τj → β) = ρτj → ρβ. By Lemma
3, ρτj = τj , and since ρβ = τ , therefore ρ ∪ {α 7→ τj}(α→ β) = τj → τ . So
we can assume Γ0, E1 ⊢w L : α → β is derivable and there exists a ρ′L such
that ρL ⊆ ρ′L and ρ′L |= E1.
Similarly, since Γ ⊢HM N : τj is derivable, so by the induction hypothesis,
let Γ0 be Γ0 chosen earlier and τ0 be α, and ρL = ρ ∪ {α 7→ τj} so must
show ρNΓ0 = Γ and ρNα = τj . But ρNΓ0 = ρ ∪ {α 7→ τj}(Γ0) and since
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α is fresh so we get ρΓ0 = Γ which holds by our assumption. And ρNα =
(ρ ∪ {α 7→ τj})α = ρτj which by Lemma 3 is nothing else but τj . So we
can assume Γ0, E2 ⊢w N : α is derivable and there exists a ρ′N such that
ρN ⊆ ρ′N and ρ′N |= E2.
Since Γ0, E1 ⊢w L : α → β is derivable and Γ0, E2 ⊢w N : α is derivable, so
Γ0, E1 ∪ E2 ⊢W LN : β is derivable and is as follows:

...
Γ0, E1 ⊢w L : α→ β

...
Γ0, E2 ⊢w N : α

where τ0 = β for some α
Γ0, E1 ∪E2 ⊢w LN : β

All that remains to show is ∃ρ′. ρ ⊆ ρ′ and ρ′ |= E1 ∪E2. Let ρ′ be ρ′L ∪ ρ′N
then we must show that ρ ⊆ ρ′L ∪ρ′N and ρ′L ∪ρ′N |= E1 ∪E2. Since ρL ⊆ ρ′L
and ρL = ρ ∪ {α 7→ τj} therefore ρ ⊆ ρ′L ∪ ρ′N . We must show ρ′L ∪ ρ′N |=
E1 ∪ E2 i.e. (ρ′L ∪ ρ′N |= E1) ∧ (ρ′L ∪ ρ′N |= E2). But that follows from the
induction hypothesis and Lemma 4.

Case HM-Abs. Then M0 is of the form λx.M for some x and M . The deriva-
tion ∆HM is of the following form:

...
(Γ\x) ∪ {x : τj} ⊢HM M : τk

where τ = τj → τj for some τj , τk
Γ ⊢HM λx.M : τj → τk

Choose arbitrary ρ, τ0, Γ0 such that ρΓ0 = Γ and ρτ0 = τj → τk. Then

we must show Γ0, E1 ∪ {τ0
e
= β → γ} ⊢W λx.M : τ0 is derivable and there

exists a substitution ρ′ such that ρ ⊆ ρ′ and ρ′ |= E1 ∪ {τ0
e
= β → γ}.

Since there is a Hindley-Milner derivation of (Γ\x) ∪ {x : τj} ⊢HM M : τk,
by the induction hypothesis, we can assume if ρM ((Γ0\x) ∪ {x : β}) =
(Γ\x) ∪ {x : τj} and ρMγ = τk then (Γ0\x) ∪ {x : β}, E1 ⊢w M : γ is
derivable and ∃ρ′. ρM ⊆ ρ′ ∧ ρ′ |= E1.
By Lemma 2, ρM ((Γ0\x) ∪ {x : β}) = (ρMΓ0\x) ∪ {x : ρMβ}. But since
ρM = ρ ∪ {β 7→ τj , γ 7→ τk} so we have (ρ ∪ {β 7→ τj , γ 7→ τk}Γ0)\x ∪ ({x :
ρ∪{β 7→ τj , γ 7→ τk}β). But since β, γ are fresh, so we have ρΓ0\x∪{x : τj}.
And since ρΓ0 = Γ so ρM ((Γ0\x) ∪ {x : β}) = (Γ\x) ∪ {x : τj}. Also,
ρMγ = (ρ ∪ {β 7→ τj , γ 7→ τk})γ = ρτk. But since all the variables in
E1 are fresh, so ρτk = τk. Now we can assume there exists a derivation of
(Γ0\x) ∪ {x : β}, E1 ⊢w M : γ given as follows:

...
(Γ0\x) ∪ {x : β}, E1 ⊢w M : γ

Γ0, E1 ∪ {τ0
e
= β → γ} ⊢w λx.M : τ0

and there exists a ρ′M such that ρM ⊆ ρ′M and ρ′M |= E1. We must show there

∃ρ′.ρ ⊆ ρ′∧ρ′ |= E1∪{τ0
e
= β → γ}. Let ρ′ = ρ′M . Consider the first goal but

since ρM ⊆ ρ′M and ρM = ρ ∪ {β 7→ τj , γ 7→ τk} so ρ ⊆ ρ′M as desired. Also,
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we already know that ρ′M |= E1 so we must show ρ′M |= {τ0
e
= β → γ} i.e.

we must show ρ′Mτ0 = ρ′M (β → γ). Consider ρ′Mτ0, since ρτ0 = τj → τk and
ρ ⊆ ρM ⊆ ρ′M so by Lemma 5, ρ′Mτ0 = τj → τk. Now consider ρ′M (β → γ)
but since ρM ⊆ ρ′M so ρ′M (β → γ) = ρMβ → ρMγ but since ρM maps β to

τj and γ to τk so ρ′M |= {τ0
e
= β → γ}. Thus ρ′M |= E1 ∪ {τ0 = β → γ}.

⊓⊔

Lemma 5. If ρ1 and ρ2 are two substitutions such that ρ1 ⊆ ρ2, then for any
α such that α ∈ dom(ρ1) ∩ dom(ρ2), ρ2α = ρ1α.

5 Extended Wand’s Algorithm

In this section we illustrate the extended algorithm and the extended proofs of
completeness and soundness. But before that we enrich our term language and
type language with additional constructs to handle the polymorphic let. The
constraints are now enriched with two other forms of constraints and the type
rules are extended to handle the let construct. We call the extended language
Core-ML [MH88]. The terms in Core-ML are given by the following grammar:

Core − ML ::= x | MN | λx.M | let x = M in N

The let expression let x = M in N is not merely a syntactic sugar for (λx.N)M .
For instance, the term let i = λx.x in i i is typable but the desugared term
(λi.i i)(λx.x) is not typable. This is true for both Haskell and ML type recon-
struction algorithms.
The type syntax is extended to include the polymorphic types given by type
schemes and type scheme variables as shown below:

σ ::= α∗ | ∀−→α .τ

A type scheme, denoted by ∀−→α .τ , is a type where zero or more type variables
are universally quantified. We denote a type scheme variable by annotating
a type variable with a “*”. For example, α∗ is a type scheme variable. We
can extend our definition of free type variables for a type scheme, ∀−→α .τ , as
FTV(∀−→α .τ) = FTV (τ)−−→α . Generalizing a type τ with respect to a type envi-
ronment Γ entails quantifying over the free variables of τ that are not free in Γ :

gen(Γ, τ)
def
=∀−→α .τ where −→α = FTV (τ) − FTV (Γ ). On the other hand, instanti-

ation of a type scheme involves replacing the quantified variables by fresh type

variables: inst(∀−→α .τ)
def
= τ [α1 := β1, . . . , αn := βn] where β1, . . . , βn are fresh

variables.
To accommodate the let construct, we extend the constraint language C to

include two other kinds of constraints as shown below:

C ::= τ1
e
= τ2 | α

s
=Γ α∗ | α∗ i

= τ

(e-constraint) (s-constraint) (i-constraint)

A s-constraint between a type expression and a type scheme variable, τ
s
= Γα

∗,
expresses the fact that α∗ denotes a type scheme obtained by generalizing a type
denoted by τ with respect to the environment Γ . The i-constraint between a type

12



scheme variable and a type expression, α and τ respectively, expresses the fact
that τ is constrained to be the instantiated value of the type scheme denoted by
α∗.
The type rules for untyped lambda terms are now extended with two rules to
handle the let construct. The new type system is called extended Wand’s system
and a judgment in the extended system is denoted by the subscript W +.

(W-Var-i) where x : τ ∈ Γ

Γ, {α∗ i
= τ} ⊢W+ x : α∗

Γ, E1 ⊢W+ M : α1 (Γ\x) ∪ {x : α2
∗}, E2 ⊢W+ N : τ

(W-Let) where α1, α∗
2 are fresh

Γ, E1 ∪ E2 ∪ {α1
s
=Γ α2

∗} ⊢W+ let x = M in N : τ

5.1 Extended Algorithm sketch

Apart from extending the type rules, we also had to extend the notion of
satisfiability and substitution application to a constraint. First, we describe
some notations used in the description of satisfiability. We use the notation
Eα∗ to denote a set of i-constraints related7 to a s-constraint τ0

s
=Γ α∗. From

this point onwards, we think of a s-constraint and related i-constraint as a pair
(τ0

s
=Γα

∗, Eα∗); the first component being the s-constraint and the second com-
ponent being the list of related i-constraint(s). We use the symbol ≤ to express
the notion of an instance. Specifically, τ ≤ σ expresses the fact that τ is an in-
stance of σ in the sense that τ is obtained by instantiating all the bound variables
of σ. This notion can then be used to express the satisfiability of i&s constraints.

We say ρ satisfies (τ0
s
=Γ α

∗, Eα∗) if ∀(α∗ i
= τ1) ∈ Eα∗ . ρ τ1 ≤ ρ(gen(Γ, τ0)). Sub-

stitution application to a pair of s-constraint and related i-constraints is defined

as: ρ(τ0
s
=Γ α

∗, Eα∗)
def
=(ρτ0

s
=ρΓ α

∗, {ρτ
i
= α∗ | (τ

i
= α∗) ∈ Eα∗}).

Next, we sketch the algorithm for the extended language. Let G denote a set
of goals and E a list 8 given by the grammar C above.

Input. A term M0 of Λ.

Initialization. Set E = ∅ and G = {(Γ0,M0, t0)}.

Loop Step. If G = ∅ then return E else choose a subgoal (Γ,M, t) from G,
delete the subgoal from G and add to E and G new verification conditions
and subgoals generated by the action table given below.

Unify constraints. Unify constraints in E using the multi-phase unification
algorithm described below.

7 A s-constraint is related to an i-constraint if they share the same type scheme vari-
able.

8 This is needed to preserve the order of s-constraints.
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The behavior of action table for Core-ML is same as that for untyped lambda
calculus except for the variable (a slight modification) and the let case as shown
below:

Case (Γ, x, τ0). If x is bound to a type scheme variable α∗ in Γ , i.e. x : α∗ ∈ Γ , then

add α∗ i
= τ0 to E else add τ0

e
= τ1 (where x : τ1 ∈ Γ ) to E.

Case (Γ, MN, τ0). Let α be a fresh type variable. Generate subgoals (Γ , M, α → τ0)
and (Γ, N, α), and add to G.

Case (Γ, λx.M, τ0). Let α and β be two fresh type variables. Generate equation
τ0

e
= α → β and sub-goal ((Γ\x) ∪ {x : α}, M, β), and add to E & G respectively.

Case (Γ,let x = M in N, τ0). Let α1, α∗

2 be fresh type variables. Append9

El@[α1
s
=Γ α∗

2]@Er to list E, where El, Er are obtained by recursively calling the

extended algorithm on (Γ, M, α1) and ((Γ\x) ∪ {x : α∗

2}, N, τ0) respectively.

The next few paragraphs highlight the constraint solving phase. This phase
consists of two distinct unification phases: Phase I and Phase II. We first give an
informal description of both the phases and follow it with a formal description. In
the first phase, e-constraints are unified. Note that if there are no i&s-constraints,
i.e. the term is a pure lambda term, then our Phase I mirrors the constraint
solving phase for Wand’s algorithm. In the second phase, a s-constraint and
related i-constraints are chosen and transformed to e-constraints and unified
using the Phase I unification. Let E = Ee@Ei&s be the constraint list obtained
from the constraint generation phase, where Ee denotes a list containing e-
constraints,Ei&s denotes a list containing i&s-constraints. The constraint solving
algorithm, SOLVE, integrates the two unification phases as follows:

SOLV E(E) =
ρ := Id

let ρ1 = unify1(Ee, ρ) in
ρ1 ◦ (unify2 Ei&s)

The first phase, unify1, is defined as:

unify1(E, ρ) =

unify1 ((α
e
= β) :: E) ρ = if α = β then unify1 E ρ

unify1 ((α
e
= τ ) :: E) ρ = if α occurs in τ then raise Failure

unify1 ((α
e
= τ ) :: E) ρ = unify1 (E[α := τ ])(ρ ◦ [(α 7→ τ )])

unify1 ((τ
e
= α) :: E) ρ = unify1 ((α

e
= τ ) :: E) ρ

unify1 ((τ1 → τ2
e
= τ3 → τ4) :: E) ρ= unify1 ((τ1

e
= τ3) :: ((τ2

e
= τ4) :: E)) ρ

We assume that s-constraint and corresponding i-constraints are grouped to-
gether while preserving the order of s-constraints. We use the notation [τ0]α∗ to

denote the set of i-constraints of the form α∗ i
= τ1 for a s-constraint of the form

τ0
s
=Γ α∗. unify2 is defined as:

9 This will ensure that we solve the leftmost innermost let first.
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unify2 (E′@E) = let ρ1 = unify1E
′′

in ρ1 ◦ unify2 (ρ1E)

where E′′ = {inst(gen(Γ, τ1))
e
= τ2 | (α∗ i

= τ2) ∈ Eα∗}

and E′ = [(τ1
s
=Γ α∗),Eα∗ ]

unify2 [ ] = Id

Phase I get rids of all the e-constraints. Phase II gets rid of s-constraints and i-
constraints to form a resulting substitution. The entire algorithm is summarized
in Fig. 3. The curve in the figure delineates our extension with the original
Wand’s algorithm.

- �

?

6

?

?

?
-

?

-

6
�
?

?�-

?

Term Action Table Type Rules

Constraint
Store

(e-constraints)
Goal Store

Substitution
(from Phase I)

Constraint
Store

(i&s-constraints)

Constraint
Store

(e-constraints)

Substitution
(from Phase II)

Final
Substitution

Compose
Substitution

Loop until no more i-constraints

Fig. 3. An overview of the extended algorithm; original Wand’s algorithm is shown by
the curved line.

Finally we analyze the running time of the algorithm. It is known that the
unification algorithm can be made to run in linear time [PW76], [BS01] in the size
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of the input if the inputs and outputs are coded as dags; it becomes exponential
if the inputs and outputs are coded as strings since a dag of size n can encode
a string of 2O(n). The typability problem for pure lambda terms is PTIME-
complete [Mit96], [Tys88]. But when the let operator is added to the language the
typability problem becomes PSPACE-hard [PJ89] and DEXPTIME-complete
[KTU90]. Therefore, the complexity the first phase of our algorithm is essentially
the complexity of this algorithm and hence is double exponential in the size of
the input in the worst case. The second phase of the algorithm involves solving
i&s constraints and since they are linear in the size of the input and for a
given s-constraint there can be only O(n) i-constraints. Therefore, the total time
required by the algorithm is double exponential in the size of the input in the
worst case.

6 Extension’s Correctness

In this section, we prove the various lemmas and theorems needed to prove
the correctness of our extension. But first we define the two reductions , denoted
by →let and →β respectively, as:

(beta) (λx.N)M →β N [x := M ]
(let) let x = M in N →let (λx.N)M if x is monomorphic.

We need two functions for the correctness proof. The function morph changes
a polymorphic let construct into a monomorphic let and is defined as:

morph(x) = x

morph(λx.M) = λx. morph(M)
morph(M N) = morph(M) morph(N)
morph(let x = M in N[x]) = let N1 = morph(N) in if | FV (N) |x≤ 1

let x = M in morph(N1[x])
morph(let x = M in N[x]) = let N1 = morph(N) in if | FV (N) |x> 1

let x1 = M in morph(let x = M in N1[x1])

We also need another function transform to transform monomorphic lets to
lambda expressions:

transform(x) = x

transform(λx. M) = λx. transform(M)
transform(M N) = transform(M) transform(N)
transform(let x = M in N) = (λx. transform(N))transform(M) if | FV (N) |x≤ 1.
transform(let x = M in N) = let x = M in transform(N) if | FV (N) |x> 1.
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Note that in our CiE paper [KC08] the transformation is given by a single
function ptol, and is defined as:

ptol(x) = x

ptol(λx.M) = λx. ptol(M)
ptol(MN) = (ptol(M) ptol(N))
ptol(let x = M in N [x]) = letN1 = ptol(N) in if |FV (N) |x ≤ 1

(λx.N1[x])M
ptol(let x = M in N [x]) = letN1 = ptol(N) in if |FV (N) |x > 1

ptol(let x1 = M in let x = M in N1[x1])
where x1 is a fresh variable.

The three functions are related by the following relation:

ptol = transform ◦ morph

The transformation of a let-term to a pure lambda term is a type and value
preserving transformation. We illustrate this characteristic of our transforma-
tion with the help of an example. Consider the term let y = λx.x in y y, taken
from Milner [DM82]. This term is typable and has the principal type scheme
∀α.α → α. If we desugar a let-term let x = M in N as (λx.N)M then desug-
aring of the term let y = λx.x in y y results in (λy.y y)(λx.x), which is not
typable10. However, our transformation, although similar to the desugaring pro-
cess mentioned above, preserves typability. We illustrate this in a step-by-step
process. First we use the morph function and then follow it with an application
of transform function.

The morphed term, i.e. the term with monomorphic lets, is given as:

let y1 = λx.x in
let y = λx.x in

y y1

The let-free term, obtained by transforming the monomorphic terms to pure
lambda terms, is typable 11 . Here is a computation, starting from the term
above showing that this term is the same as yy [y := (λx.x)] (as it should be.)

→let (λy1.(let y = λx.x in y y1))(λx.x)
→let (λy1.(λy.y y1)(λx.x))(λx.x)
→β ((λy.y (λx.x))(λx.x)))
→β (λx.x)(λx.x)
= y y [y := (λx.x)]

Now we can consider a more complicated example taken from [Mai89] involv-
ing multiple nested lets.

10 An implementation of Alg. W fails with a unification error
11 We ran a prototype implementation of Alg. W [Mil78] on the term and the proof

itself is easy to find.
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let x1 = λ y.λ z.(z y) y in

let x2 = λ z.x1 (x1 z) in

let x3 = λ z.x2 (x2 z) in

let x4 = λ z.x3 (x3 z) in

x4 (λ z.z)

Application of the morph function will change the above term to:

let x11 = λ y.λ z.(z y) y in

let x12 = λ y.λ z.(z y) y in

let x13 = λ y.λ z.(z y) y in

let x14 = λ y.λ z.(z y) y in

let x15 = λ y.λ z.(z y) y in

let x16 = λ y.λ z.(z y) y in

let x17 = λ y.λ z.(z y) y in

let x1 = λ y.λ z.(z y) y in

let x21 = λ z.x11 (x12 z) in

let x22 = λ z.x13 (x14 z) in

let x23 = λ z.x15 (x16 z) in

let x2 = λ z.x17 (x1 z) in

let x31 = λ z.x21 (x22 z) in

let x3 = λ z.x23 (x2 z) in

let x4 = λ z.x31 (x3 z) in

x4 (λ z.z)

Finally, applying transform changes the above term to:

((λ x11.((λx12.((λx13.((λx14.((λx15.((λx16.((λx17.((λx1.((λx21.((λ
x22.((λx23.((λx2.((λx31.((λx3.((λx4.(x4 (λ z .z))) (λ z.(x31 (x3 z)))))

(λ z.(x23 (x2 z))))) (λ z.(x21 (x22 z))))) (λ z.(x17 (x1 z))))) (λ z.(x15
(x16 z))))) (λ z.(x13 (x14 z))))) (λ z.(x11 (x12 z))))) (λ y.(λ z.((z
y) y))))) (λ y.(λ z.((z y) y))))) (λ y.(λ z.((z y) y))))) (λ y.(λz.((z
y) y))))) (λ y.(λ z.((z y) y))))) (λ y.(λ z.((z y) y))))) (λ y.(λz.((z
y) y))))) (λ y.(λ z.((z y) y))))

We state and prove several lemmas and theorems for the correctness. We
need one additional concept, i.e. a context. A context C is an expression with
one sub-expression replaced by a hole denoted by []. The expression C[e] denotes
an expression resulting from placing an expression e in the hole of C. The context
is specified by the following grammar:

C ::= [ ] | C e | e C | let x = C in N | let x = M in C | λx.C

We can use the above notion to make explicit an occurrence of a polymorphic-
let bound variable. Given a polymorphic let term let x = M in N we de-
note a context by the term N and one hole in the context by N [x], meaning
one occurrence of the polymorphic let variable. So, for a polymorphic-let term
let x = M in N ≡ let x = M in N [x].

The following theorem is adapted to our paper and is helpful in the proofs
of soundness and completeness.
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Theorem 4 (Subject Reduction). If Γ ⊢M0 : τ is derivable and M0 −→M ′
0

then Γ ⊢M ′
0 : τ is derivable, where −→ is a either a β or a let reduction.

Proof. By case analysis on the reduction M0 −→ M ′
0. Assume Γ ⊢ M : τ is

derivable and assume M0 −→M ′
0. We have two cases:

Case M0 ≡ (λx.N)M . Then we know (λx.N)M ⇒β N [x := M ]. Since Γ ⊢
(λx.N)M : τ is derivable, therefore, Γ ⊢ λx.N : τ ′ → τ and Γ ⊢ M : τ ′ is
derivable for some τ ′. From the former, we have (Γ\x) ∪ {x : τ ′} ⊢ N : τ is
derivable. Then by Lemma 6, Γ ⊢ N [x := M ] : τ is derivable.

Case M0 ≡ let x = M in N . Note that this reduction holds only for W+. We
assume x is monomorphic in N and so let x = M in N ⇒let (λx.N)M .
Since Γ ⊢ let x = M in N : τ is derivable, therefore, there is a derivation of
Γ ⊢ M : τ ′ for some τ ′ and there is a derivation of Γ ′ ⊢ N : τ for some Γ ′.
Since x is monomorphic, therefore either x occurs only once in N or does not
occur at all. So Γ ′ = (Γ\x)∪{x : τ ′}. Then (Γ\x)∪x : τ ′ ⊢ N : τ is derivable.
But then Γ ⊢ (λx.N) : τ ′ → τ is derivable. And so Γ ⊢ (λx.N)M : τ is
derivable.

⊓⊔

Lemma 6 (Preservation of Types Under Substitution). If Γ ∪{x : τ ′} ⊢
N : τ is derivable and x /∈ dom(Γ ) and Γ ⊢ M : τ ′, then Γ ⊢ N [x := M ] : τ is
derivable.

Proof. See Pierce’s book (page 106) for proof.

The following theorem allows replacing a sub-expression of a typable expres-
sion with another sub-expression of the same type, without changing the type
of the expression.

Theorem 5 (Replacement). If

1. ∆ is a derivation concluding Γ ⊢ C[t] : τ ,
2. ∆1 is a sub-derivation of ∆ concluding Γ ′ ⊢ t : τ ′,
3. ∆1 occurs in ∆ in the position corresponding to the hole ([]) in C, and
4. Γ ′ ⊢ t′ : τ ′ is derivable.

Then Γ ⊢ C[t′] : τ . Note that this holds for untyped lambda calculus and Core-ML
terms.

Proof. Proof by induction on the height of the derivation tree. Refer [HS86] page
181 and [WF94] for proof. ⊓⊔

Theorem 6. The extended algorithm is sound and complete with respect to
Wand’s system.

Proof. The proof involves two separate proofs of soundness and completeness as
given by Theorem 7 and Theorem 8. ⊓⊔
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Lemma 7 (Polymorphic-Let elimination for a let term). Let t be the
term let x = M in N [x] for some x,M, and N and let t′ be the term let x1 =
M in(let x = M in N [x1]) (where x1 is a fresh variable and N ′ is obtained
from N by replacing one occurrence of x in N by x1). Then if Γ ⊢W+ t : τ is
derivable then Γ ⊢W+ t′ : τ is also derivable.

Proof. Assume Γ ⊢W t : τ is derivable. Since let x = M in N [x] −→let

N [x][x := M ] = N [M ][x := M ]. And let x1 = M in(let x = M in N [x1]) −→let

(let x = M in N [x1])[x1 := M ] = (let x = M in N [M ]) −→let N [M ][x := M ].
Then by the subject reduction theorem Γ ⊢W+ t′ : τ is derivable.

Lemma 8 (Morph preserves typability). Let t be a Core-ML term such
that if Γ ⊢W+ t : τ is derivable, then Γ ⊢W+ morph(t) : τ is derivable.

Proof. By complete induction on the number of occurrences of polymorphic-let
variables in t (denote this number as | t |). Choose arbitrary t ∈ Core-ML and
assume Γ ⊢W+ t : τ is derivable. Our induction hypothesis says ∀t′ : Λ. | t′ |<|
t |⇒ (Γ ⊢W+ t′ : τ ⇒ Γ ⊢W+ morph(t′) : τ . We have two cases:

Case | t |= 0. Then morph(t) = t so the Lemma holds.
Case | t |6= 0. Then t is of the form C[let x = M in N [x]] : τ , where C is some

context and the let is the uppermost leftmost occurrence of a polymorphic
let. By the Theorem 5 and Lemma 7 we know Γ ⊢W+ t1 : τ , where t1 =
C[let x1 = M in let x = M in N [x1]]. But | t1 |<| t | so the induction
hypothesis gives us that Γ ⊢W+ morph(t1) : τ is derivable. But, by Lemma
9 and Lemma 10, morph(t1) =α morph(t) and so Γ ⊢W+ morph(t) : τ is
derivable.

Lemma 9 (Alpha equivalence preserves derivation). Let M and M ′ be
Core-ML term such that M =α M

′, then Γ ⊢W+ M : τ is derivable if and only
if Γ ⊢W+ M ′ : τ is derivable.

Lemma 10 (Morph Equivalence). Given a term M0 such that M0 = C[let x =
M in N [x]], where C is a context where the let is uppermost leftmost such oc-
currence in M0 then morph(C[let x = M in N [x]]) = morph(C[let x1 =
M in let x = M in N [x1]]).

Lemma 11 (Transform preserves typing). Given a term M without poly-
morphic lets then Γ ⊢W+ M : τ is derivable if and only if Γ ⊢W+ transform(M) :
τ is derivable.

Corollary 1 (Transform-Morph Preserves Typing). Let M be a Core-ML
term such that if Γ ⊢W+ morph(M) : τ is derivable, then Γ ⊢W+ transform(morph(M)) :
τ is also derivable.

Proof. Follows directly from Lemma 8 and Lemma 11.

Corollary 2. Let M be a Core-ML term such that if Γ ⊢W+ M : τ is derivable,
then Γ ⊢W+ transform(morph(M)) : τ is also derivable.
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Proof. Follows directly from Lemma 8, Lemma 11 and Corollary 1.

Lemma 12 (Lambda Terms Equivalence). If M is a Core-ML term then
Γ ⊢W+ transform(morph(M)) : τ is derivable if and only if Γ ⊢W transform(morph(M)) :
τ is derivable.

Theorem 7 (Soundness). Let M be a term in Core-ML. Then if Γ ⊢W+ M : τ
is derivable then Γ ⊢HM transform(morph(M)) : τ is also derivable.

Proof. Assume Γ ⊢W+ M : τ is derivable then, by Corollary 2, Γ ⊢W+ transform(morph(M)) :
τ is derivable. Then by lemma 12 Γ ⊢w transform(morph(M)) : τ is derivable.
But then we have already proved the soundness of Wand’s system to Hindley-
Milner type system. So the extended system is sound w.r.t. HM type system. ⊓⊔

We now show that the extended algorithm is complete with respect to the
Hindley-Milner system but before that we need another Lemma.

Lemma 13. Let M0 be a Core-ML term such that if Γ0 ⊢W+ morph(M0) : τ0
is derivable then Γ0 ⊢W+ M0 : τ0 is also derivable.

Proof. The proof is by induction on the number of calls to morph (denote this
number as |M0 |). Choose arbitrary M0 and assume Γ0 ⊢W+ morph(M0) : τ0 is
derivable. Our induction hypothesis is ∀M1.∀Γ1∀τ : Λ. | M1 |<|M0 |⇒ (Γ1 ⊢W+

morph(M1) : τ1 ⇒ Γ1 ⊢W+ M1 : τ1). We have four cases:

M0 is x. Then Γ ⊢W+ morph(x) : τ0 is derivable. Since morph(x) = x and so
the lemma holds.

M0 is λx.M for some x and M . Then Γ ⊢W+ morph(λx.M) : τ0 is deriv-
able. But since morph(λx.M)) = λx.morph(M), so by Lemma 9, Γ ⊢W+

λx.morph(M) : τ0 is derivable. Then by the induction hypothesis, Γ ′ ⊢W+

M : τ1 is derivable and therefore Γ ⊢W+ λx.M : τ2 → τ1 is derivable.
M0 is MN for some M , N . Assume there is a derivation of Γ ⊢W+ morph(MN) :

τ0. Butmorph(MN) = morph(M)morph(N). So Γ ⊢w morph(M)morph(N) :
τ0 is derivable. By the induction hypothesis, Γ ⊢W+ M : τ1 → τ0 and
Γ ⊢W+ N : τ1 are derivable and therefore Γ ⊢W+ MN : τ0 is derivable as
desired.

M0 is let x = M in N , for some M,N . Assume there is a derivation of Γ ⊢w

morph(let x = M in N). We have two cases:

Case x is monomorphic. Then morph(let x = M ; in N) = let x =
M in morph(N) and so by Lemma Γ ⊢W+ let x = M in morph(N) : τ
is derivable. That means Γ1 ⊢W M : τ1 and Γ2 ⊢W morph(M) : τ2 is
derivable for some Γ1, Γ2, τ1, τ2. By the induction hypothesis Γ2 ⊢W N :
τ2 is derivable and so we can construct a derivation of Γ ⊢W+ let x =
M in N : τ0 is derivable.

Case x is polymorphic. Since there is a derivation of Γ ⊢W+ morph(let x =
M in N [x]) : τ0 and since morph(let x = M in N [x]) = let x1 =
M in morph(let x = M in N [x1]). So, by Lemma 9, Γ ⊢W+ let x1 =
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M in morph(let x = M in N [x1]) is derivable. Then by the induc-
tion hypothesis there exists some Γ1, τ1 such that Γ1 ⊢W+ let x =
M in N [x1] : τ1 is derivable. And so we can construct a derivation
of Γ ⊢W+ let x1 = M in let x = M in N [x1] : τ0 but since
let x = M in N [x] =α let x1 = M let x = M in N [x] therefore,
by Lemma 9, Γ ⊢W+ let x = M in N [x] : τ0 is derivable.

⊓⊔

Theorem 8 (Completeness). Let M be a Core-ML term then if Γ ⊢HM

transform(morph(M)) : τ is derivable then Γ ⊢W+ M : τ is derivable.

Proof. Assume Γ ⊢HM transform(morph(M)) : τ is derivable. Assume Γ ⊢W+

transform(morph(M)) : τ is derivable. By Lemma 12 Γ ⊢W+ transform(morph(M)) :
τ is derivable. Then, by Lemma 11 Γ ⊢W+ morph(M) : τ is derivable. But then
Γ ⊢W+ M : τ is derivable by Lemma 13. ⊓⊔

Now we describe the soundness of the algorithm solve. We denote a list E

as
−→
E and a projection that projects s-constraints as |

−→
E |s and use a predicate

ordered : List → Prop to test whether a constraint list is in the proper order.
Next we define the ordering on the s-constraints.

Lemma 14 (Ordering). Let |
−→
E1 |s, |

−→
E2 |s be two constraint lists with only

s-constraints then let e1 ∈
−→
E1 and e2 ∈

−→
E2 then e1 ≤ e2 ⇔ inn(e1) ≤ inn(e2)

where inn : Constraint→ int denotes the in-order numbering of the constraints
in the derivation tree.

Lemma 15 (Projection). Let
−→
E1,

−→
E2 be two constraint lists then

−→
E1 ≤

−→
E2 if

and only if |
−→
E1 |s≤|

−→
E2 |s.

Lemma 16 (Append preserves order). Let
−→
E1,

−→
E2 be two constraint lists

then ordered(
−→
E1)∧ordered(

−→
E2)∧(last(

−→
E1) ≤ first(

−→
E2)) then ordered(

−→
E1@

−→
E2).

Lemma 17 (Soundness and Completeness of constraint generation).
For any Core-ML term M0 and for any type environment Γ Wand+(Γ,M0, τ0) =
−→
E if and only if there is a derivation of Γ, unorder(

−→
E ) ⊢W+ M0 : τ0.

Proof. (⇒) By induction on the structure of the term M0. Choose an arbitrary
Core-ML term M0 and a type environment Γ . We have the following cases:
Case M0 = x, for some variable x. Then either x is not bound in Γ in

which case the algorithm fails and therefore there is no derivation. In
the case x is bound to some type in the type environment we have two
cases.
x is bound to a type variable. Then Γ = Γ0 ∪ {x : τ1} for some Γ0

and some τ1. So
−→
E = [τ0

e
= τ1] and clearly there is a derivation of

Γ, {τ0
e
= τ1} ⊢W+ x : τ0.

x is bound to a type scheme variable. Then Γ = Γ0 ∪ {x : τ∗1 } for

some Γ0 and some τ∗1 . So
−→
E = [τ0

i
= τ∗1 ] and clearly there is a deriva-

tion of Γ, {τ0
i
= τ1} ⊢W+ x : τ .
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Case M0 = λx.M , for some x and M . ThenWand+(Γ, λx.M, τ0) = [τ0
e
= α0 →

α1] :: Wand+((Γ\x)∪ {x : α0},M, α1), where α0, α1 are fresh variables.
Then, by the inductive hypothesis, there is a derivation of Γ,E1 ⊢W+

M : α1 and so we can construct a derivation of Γ, {τ0
e
= α0 → α1} ⊢W+

λx.M : τ0.
Case M0 = MN , for some M and N . ThenWand+(Γ,MN, τ0) = Wand+(Γ,M,α0 →

τ0) @Wand+(Γ,N, α0), where α0 is a fresh variable. Then, by the induc-
tive hypothesis, there is a derivation of Γ,E1 ⊢ M : α0 → τ0 and there
is a derivation of Γ,E2 ⊢ N : α0, and so we can construct a derivation
of Γ,E1 ∪ E2 ⊢MN : τ0.

Case M0 = let x = M in N , for some M an N . ThenWand+(Γ, let x =

M in N, τ0) = Wand+(Γ,M,α0)@[(α0
s
=Γα

∗
1)]@Wand+((Γ\x) ∪ {x :

α∗
1}, N, τ0), where α0, α

∗
1 are fresh type and type scheme variables re-

spectively. Then, by the inductive hypothesis, there is a derivation of
Γ,E1 ⊢W+ M : α0 and there is a derivation of (Γ\x)∪{x : α∗

1}, E2 ⊢W+

N : α0, for someE1, E2, and so we can construct a derivation of Γ, {α0
s
= Γα

∗
1}∪

E1 ∪ E2 ⊢W+ let x = M in N : τ0.

(⇐) By induction on the structure of derivation. Choose an arbitrary M0, Γ .
Assume there is a derivation of Γ,E ⊢W+ M0 : τ0. We have the following
cases based on the last rule used in the derivation:

Rule W-Var. ThenM0 = x, E = {τ1
e
= τ0} and x : τ1 ∈ Γ . ThenWand+(Γ, x, τ0) =

−−−−−−→
(τ1

e
= τ0) as was to be shown.

Rule W-Var-i. Then M0 = x, E = E′ ∪ {τ1
e
= τ0}, for some E′, and x :

α∗
0 ∈ Γ . Then Wand+(Γ, x, τ0) = E′ ∪ {α∗

0
i
= τ1}.

Rule W-Abs. Then M0 = λx.M and E = E′ ∪ {τ0
e
= α0 → α2} for some

E′. Since Γ,E ⊢W+ λx.M : τ0 is derivable so is Γ\x ∪ {x : α0}, E
′ ⊢W+

x : α1. Therefore, by the induction hypothesis, Wand+((Γ\x) ∪ {x :

α0},M, α1) =
−→
E′. ThereforeWand+(Γ, λx.M, τ0) =

−−−−−−−−−−−→
(τ0

e
= α0 → α2)@Wand+((Γ\x)∪

{x : α0},M, α1) =
−−−−−−−−−−−→
(τ0

e
= α0 → α2)@

−→
E′ =

−−−−−−−−−−−−−−−−−→
{(τ0

e
= α0 → α2)} ∪ E′ =

−→
E .

Rule W-App. Then M0 = MN . Since Γ,E ⊢W+ MN : τ0 is derivable
so is Γ,E′ ⊢W+ M : α0 → τ0 and Γ,E′′ ⊢W+ N : α0, for some E′, E′′.
ThereforeE = E′∪E′′. By the induction hypothesis,Wand+(Γ,M,α0 →

τ0) =
−→
E′ and Wand+(Γ,N, α0) =

−→
E′′. Therefore Wand+(Γ,MN, τ0) =

Wand+(Γ,M,α0 → τ0)@Wand+(Γ,N, α0) =
−→
E′@

−→
E′′ =

−−−−−→
E′ ∪ E′′ =

−→
E

as was to be shown.
Rule W-Let. Then M0 = let x = M in N . Since Γ,E ⊢W+ let x =

M in N : τ0 is derivable so is Γ,E′ ⊢W+ M : α0 and (Γ\x) ∪ {x :

α∗
1}, E

′′ ⊢W+ N : τ0, for some E′, E′′. Therefore E = {α0
s
= Γα

∗
1} ∪

E′ ∪ E′′. By the induction hypothesis, Wand+(Γ,M,α0) =
−→
E′ and

Wand+((Γ\x) ∪ {x : α∗
1}, N, τ0) =

−→
E′′. Therefore Wand+(Γ, let x =

M in N, τ0) = Wand+(Γ,M,α0 → τ0)@
−−−−−−−→
(α0

s
=Γα

∗
1)@Wand+(Γ,N, α0)

=
−→
E′@

−−−−−−−→
(α0

s
=Γα

∗
1)@

−→
E′′ =

−→
E as was to be shown.
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⊓⊔

Lemma 18 (Constraint solving is correct). Let M0 be a Core-ML term

and let
−→
E0 be a list of constraints, Γ0 be a type environment and let τ0 be some

type variable then if Wand+(Γ0,M0, τ0) =
−→
E0 then solve(

−→
E0)Γ0 ⊢HM M0 :

solve(
−→
E0)(τ0) is derivable.

Proof. By induction on the number of polymorphic lets in M0 (denote this num-
ber by | M0 |). Assume induction hypothesis holds i.e.∀M1. | M1 |<| M0 |⇒

∀
−→
E1.∀Γ1.∀τ1.Wand+(Γ1,M1, τ1) =

−→
E1 ⇒ solve(

−→
E1)(Γ1) ⊢HM M1 : solve(

−→
E1)(τ1).

Choose arbitrary
−→
E0, Γ0, τ0 and assume Wand+(Γ0,M0, τ0) =

−→
E0 and we must

show solve(
−→
E0)(Γ0) ⊢HM M0 : solve(

−→
E0)(τ0). We have two cases:

Case |M0 | = 0. Then solve(
−→
E0)(Γ0) ⊢HM M0 : solve(

−→
E0)(τ0) holds by Lemma

11.
Case |M0 |6= 0. Then let M1 be the term obtained from M0 by the transfor-

mation which results in eliminating one polymorphic let occurrence. Since
|M1 |<|M0 | so we can use the induction hypothesis forM1. Let Γ1 = Γ0 and

τ1 = τ0 and let
−→
E1 = Wand+(Γ0,M1, τ0) so we know solve(

−→
E1)(Γ0) ⊢HM

M1 : solve(
−→
E1)(τ0). Now, by Lemma 19, we have solve(

−→
E0)(Γ0) = solve(

−→
E1)(Γ0)

and solve(
−→
E0)(τ0) =solve(

−→
E1)(τ0) so we know solve(

−→
E0)(Γ0) ⊢HM M0 :

solve(
−→
E0)(τ0) holds.

⊓⊔

Lemma 19 (Constraint Substitution Lemma). Let M0
def
= let x = M in N [x]

and let M1
def
= let x1 = M in let x = M in N [x1] then if

−→
E0 = Wand+(Γ,M0, τ)

and
−→
E1 = Wand+(Γ,M1, τ) then solve(

−→
E0)(Γ ) = solve(

−→
E1)(Γ ) and solve(

−→
E0)(τ) =

solve(
−→
E1)(τ).

Theorem 9 (Termination). Both constraint generation (Wand+) and con-
straint solving (solve) algorithms terminate.

Proof. The constraint generation phase terminates because after each step of
action table the term gets smaller. The constraint solving phase terminates if
we can show that both Phase I and Phase II of our algorithm terminates. First,
consider Phase I algorithm. It terminates because all e-constraints involving
function types on both left side and right side of

e
= are converted to smaller

constraints. Next, consider the Phase II of our algorithm. It terminates because
we are dealing with smaller constraint set after each step and since there are a
finite number of s&i constraints and so the entire Phase II algorithm terminates.

Theorem 10 (Correctness of the extended algorithm). The extended al-
gorithm is a sound and complete implementation of HM type rules and returns
the principal type of M under Γ .
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Proof. Note that we are looking at total correctness since we have already showed
that the algorithm terminates (Theorem 9). We have shown that the extended
type system is sound and complete with respect to HM type system (Theo-
rem 7, Theorem 8. We have also shown the correctness of constraint generation
and constraint solving algorithms. Therefore the extended algorithm returns the
principal type. The overall idea is shown in Fig. 4.
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Extended Type System

Γ, E ⊢W+ M : α is derivable ⇔

Γ, E ⊢W ptol(M) : α is derivable ⇔

Γ ⊢HM ptol(M) : τ is derivable

Main Result

Wand+(Γ, M, α) infers the
principal type for M under Γ

Constraint Generation

Wand+(Γ, M, α) =
−→
E ⇔

Γ, E ⊢W+ M : α is derivable

Constraint Solving

Γ, E ⊢W+ M : α is derivable ⇒

SOLVE(
−→
E )Γ ⊢HM ptol(M) :SOLVE(

−→
E )α

is derivable

Fig. 4. Correctness proof overview

6.1 Examples

We now elaborate our algorithm on some non-trivial examples.

Example 1. Let us use the above algorithm to infer the type of the following:
let i = λ x. x in (i i)

We start with an empty environment ∅.
The derivation tree is as follows:

x : α3 ⊢ x : α4 α3
e
= α4

∅ ⊢ λx.x : α1 α1
e
= α3 → α4

i : α2
∗ ⊢ i : α5 → α0 α2

∗ i
= α5 → α0 i : α2

∗ ⊢ i : α5 α2
∗ i

= α5

i : α2
∗ ⊢ i i : α0

∅ ⊢ let i = λx.x in i i : α0 α1
s
= ∅α2

∗

The constraints generated by the above algorithm are:

[(α1
s
= ∅α2

∗); (α1
e
= α3 → α4); (α3

e
= α4); (α2

∗ i
= α5 → α0); (α2

∗ i
= α5)].

After the first phase of unification, the equality constraints resolve into the sub-
stitution ρ specified as:
ρ= {(α1 7→ (α4 → α4)), (α3 7→ α4)}

The above substitution is then applied to the constraint store which modifies
the constraints as:
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α4 → α4
s
= ∅α2

∗

α2
∗ i

= α5 → α0

α2
∗ i

= α5

Since there are no more e-constraints so emptye is satisfied. At this point,
Phase I algorithm terminates and the second phase of unification starts and
a s-constraint, α4 → α4

s
= ∅α2

∗, is chosen to be unified (using Phase I unifica-
tion) with its corresponding i-constraints. This results in the following constraint
set :
α6 → α6

e
= α5 → α0

α7 → α7
e
= α5, where α6 and α7 are fresh type variables.

These constraints are unified and results in the substitution list ρ1

ρ1= {α6 7→ (α7 → α7), α5 7→ (α7 → α7), α0 7→ (α7 → α7)}

Since there are no more s-constraints, we compose the substitutions, ρ and ρ1

resulting in the final substitution:
ρ ◦ ρ1= {(α1 7→ (α4 → α4)), (α3 7→ α4)(α6 7→ (α7 → α7)), (α5 7→ (α7 →
α7)), (α0 7→ (α7 → α7))}

Applying this substitution to the original type variable α0 gives the final type
as:
α → α.

Since the initial type environment Γ was empty so the principal type is:
∀α.α → α.

Example 2. Yet another example taken from [Hee05] demonstrates our approach
and involves a lambda abstraction with nested lets in the body of the lambda.

λx. let f = let g = x

in λa.g
in let h = f in

h x

The derivation for the above term is as follows:

x : α1 ⊢ x : α8 α1
e
= α8

x : α1, g : α9
∗, a : α10 ⊢ g : α11 α9

∗ i
= α11

x : α1, g : α9
∗ ⊢ λa. g : α3 α3

e
= α10 → α11

x : α1 ⊢ let g = x in λa. g : α3 α8
s
= {x:α1}α9

∗

A

x : α1, f : α4
∗ ⊢ f : α5 α4

∗ i
= α5

f : α4
∗, h : α6

∗ ⊢ h : α7 → α2 α6
∗ i

= α7 → α2 x : α1, ⊢ x : α7 α1
e
= α7

x : α1, f : α4
∗, h : α6

∗ ⊢ hx : α2

x : α1, f : α4
∗ ⊢ let h = f in h x : α2 α5

s
= {x:α1,f:α∗

4
}α6

∗

B
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A B

x : α1 ⊢ let f = let g = x in λa. g in let h = f in h x : α2 α3
s
= {x:α1}α4

∗

∅ ⊢ λx.let f = let g = x in λa. g in let h = f in h x : α0 α0
e
= α1 → α2

We get the following constraints from the derivation:
α1

e
= α8

α9
∗ i

= α11

α3
e
= α10 → α11

α4
∗ i

= α5

α6
∗ i

= α7 → α2

α1
e
= α7

α0
e
= α1 → α2

α5
s
= {α1}α6

∗

α3
s
= {α1}α4

∗

α8
s
= {α1}α9

∗

Phase I unification terminates when all the e-constraints are unified. At the end
of Phase I we get the following constraint store:

α9
∗ i

= α11

α4
∗ i

= α5

α6
∗ i

= α7 → α2

α5
s
= {α7}α6

∗

α10 → α11
s
= {α7}α4

α7
s
= {α7}α9

∗

a substitution given by:
α1 7→ α7

α3 7→ (α10 → α11)
α0 7→ (α7 → α2)
α8 7→ α7

The next phase of unification starts and in the first iteration all constraints
α7

s
= {α7}α9

∗ is chosen and the corresponding i-constraints are unified are trans-
formed to following e-constraints:
α7

e
= α11

This generates the following substitution
α7 7→ α11

Apply this substitution to the remaining constraint store we get

α4
∗ i

= α5

α6
∗ i

= α11 → α2

α5
s
= {α11}α6

∗
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α10 → α11
s
= {α11}α

∗
4

Next, in the second iteration α10 → α11
s
= {α11}α4 is chosen and the correspond-

ing i-constraints are transformed to:
α12 → α11

e
= α5

Phase I unification of the above constraint store generates the following substi-
tution:
α5 7→ (α12 → α11)

Apply this substitution to the remaining constraint store we get

α6
∗ i

= α11 → α2

α12 → α11
s
= {α11}α6

∗

This constraint can be solved similarly to get the following constraint store
α12 → α11

e
= α11 → α2

Phase I unification of the above constraint store generates the following substi-
tution:
α12 7→ α2

α11 7→ α2

This generates the substitution {α7 7→ α11}◦{α5 7→ (α2 → α2), α12 7→ α2, α11 7→
α2}, which is nothing else but {α7 7→ α2, α5 7→ (α2 → α2), α12 7→ α2, α11 7→ α2}.
Finally, all the substitutions generated in the second phase are composed with
substitution generated in the first phase to get the final substitution as:
{α1 7→ α2, α3 7→ (α10 → α2), α0 7→ (α2 → α2),
α8 7→ α2, α7 7→ α2, α5 7→ (α2 → α2), α12 7→ α2, α11 7→ α2}
Applying this substitution to α0, the initial type of the expression, we get α→ α,
which is the final type of the expression. Since the initial type environment was
empty the principal type of the term is ∀α.α→ α.

Example 3. We have verified the inferred type of the following example taken
from Mairson [Mai89] involving nested lets.

let x1 = λ y.λ z.(z y) y in

let x2 = λ z.x1 (x1 z) in

let x3 = λ z.x2 (x2 z) in

let x4 = λ z.x3 (x3 z) in

x4 (λ z.z)

See Appendix B for the typing derivation of the above expression. The inferred
type for the above term is given below:

All ’a.All ’b.All ’c.All ’d.All ’e.All ’f.All ’g.All ’h.All ’i.(((((((((((

((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a ->

’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b))

28



-> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) ->

’d)) -> ’d) -> ((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a

-> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) ->

((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b)

-> ’c)) -> ’c) -> ’d)) -> ’d) -> ’e)) -> ’e) -> ((((((((((’a -> ’a) -> ((’a

-> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c

)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a)

-> ((’a -> ’a) -> ’b)) -> ’b) -> ’c))-> ’c) -> ’d)) -> ’d) -> ((((((((’a ->

’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b))

-> ’b) -> ’c)) ->’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) ->

((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d)

-> ’e)) -> ’e) -> ’f)) -> ’f) -> ((((((((((((’a -> ’a) -> ((’a -> ’a) ->

’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c)

-> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a

-> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ((((((((’a -> ’a) ->

((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b)

-> ’c)) -> ’c) ->((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a ->

’a) -> ((’a -> ’a)-> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ’e)) ->

’e) -> ((((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) ->

((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a)

-> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c)

-> ’d)) -> ’d) -> ((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a

-> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((

’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c))

-> ’c) -> ’d)) -> ’d) -> ’e)) -> ’e) -> ’f)) -> ’f)-> ’g)) -> ’g) -> ((((((((

((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a ->

’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b))

-> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d))

-> ’d) -> ((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) ->

((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a)-> ((’a -> ’a) ->

’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) ->

’d)) -> ’d) -> ’e)) -> ’e) -> ((((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b)

-> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a)

-> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b)

-> ’c)) -> ’c) -> ’d)) -> ’d) -> ((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) ->

’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a

-> ’a) -> ((’a -> ’a) -> ’b))-> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) ->

’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ’e)) -> ’e) -> ’f)) -> ’f) -> ((((((((((((

’a-> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b))

-> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((

’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> (((((

(((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) ->

’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) ->

((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ’e))

-> ’e) -> ((((((((((’a -> ’a) -> ((’a -> ’a) ->’b)) -> ’b) -> ((((’a -> ’a) ->

((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) ->

’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d))

-> ’d) -> ((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((

’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b))

-> ’b) -> ((((’a -> ’a) -> ((’a ->’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d)
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-> ’e)) -> ’e) -> ’f)) -> ’f) -> ’g)) -> ’g) -> ’h)) -> ’h) -> ((((((((((((((((

’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b))

-> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a ->’a) -> ’b)) -> ’b) -> ((((’a ->

’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ((((((((’a ->

’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b)

-> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a)

-> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ’e)) -> ’e) -> (((

(((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) ->

’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> (

(((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> (((((

(((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b))

-> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a

-> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ’e)) -> ’e)

-> ’f)) -> ’f) -> ((((((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a

-> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a

-> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) ->

’c) -> ’d)) -> ’d) -> ((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a

-> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a ->

’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) ->’b)) -> ’b) -> ’c)) -> ’c)

-> ’d)) -> ’d) -> ’e)) -> ’e) -> ((((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b)

-> ((((’a -> ’a) ->((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a)

-> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) ->

’c)) -> ’c) -> ’d)) -> ’d) -> ((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) ->

((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) ->

((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) ->

’c)) -> ’c) -> ’d)) -> ’d) -> ’e)) -> ’e) -> ’f)) -> ’f) -> ’g)) -> ’g) -> (((((

(((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a)

-> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) ->

((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) ->

((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a)

-> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b)

-> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d)

-> ’e)) -> ’e) -> ((((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a

-> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a

-> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c))->

’c) -> ’d)) -> ’d) -> ((((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a

-> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a

-> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) ->

’c) -> ’d)) -> ’d) -> ’e)) -> ’e) -> ’f)) -> ’f) -> ((((((((((((’a -> ’a) -> ((’a

-> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) ->

’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a ->

’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ((((((((’a -> ’a) -> ((’a ->

’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c)

->((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a)

-> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ’e)) -> ’e) -> ((((((((((’a -> ’a)

-> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) ->

’c)) -> ’c) -> ((((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) ->

((’a -> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ((((((((’a -> ’a) ->

((’a -> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a -> ’a) -> ’b)) -> ’b) -> ’c)

) -> ’c) -> ((((((’a -> ’a) -> ((’a-> ’a) -> ’b)) -> ’b) -> ((((’a -> ’a) -> ((’a
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-> ’a) -> ’b)) -> ’b) -> ’c)) -> ’c) -> ’d)) -> ’d) -> ’e)) -> ’e) -> ’f)) -> ’f)

-> ’g)) -> ’g) -> ’h)) -> ’h) -> ’i)) -> ’i)

As a final note we want to make some comments regarding our approach.
Phase II of our multi-phase unification is deterministic - the order being the
in-order traversal of derivation tree modulo e-constraints. Recall that Phase I of
our algorithm is non-deterministic. The order of solving s-constraints becomes
important in constraint-based algorithms because we want to generalize over a
type such that it undergoes no more changes. If we generalize too early it will
be overly general and if we generalize too late it would be overly specific. We
generate constraints in a top-down fashion whereas Heeren generates constraints
in a bottom-up fashion. We chose top-down approach because it integrates nicely
with the action table of Wand’s algorithm. Heeren suggests that this representa-
tion requires a special substitution that maps type scheme variables to inferred
type schemes but our algorithm doesn’t require such a substitution. We do not
need this substitution because in our approach type scheme variables are mere
placeholders to relate a s-constraint with corresponding i-constraints. Further-
more, Heeren suggests (and we agree) that there is an order in which the con-
straints should be solved. But the order in our algorithm comes into picture in
only the second phase of unification, which involves i&s-constraint only.

7 Conclusions and future work

We have extended Wand’s algorithm to handle the polymorphic let construct.
This is certainly not the first attempt at handling the let construct but what
is unique is that our algorithm is a natural extension of Wand’s algorithm and
our correctness proof is an extension of Wand’s proof (presented in this paper).
The main idea behind our approach is to have a multi-phase unification in the
constraint solving phase. By having two phases, we ensure that the generated
type schemes generalize over the right type. We have validated our approach
by running the examples mentioned in this paper on Alg. W, Alg. M, and Alg.
J. An implementation of the above algorithm in OCaml is available online at
http://www.cs.uwyo.edu/∼skothari. We plan to use to use proof assistants
to prove this approach formally.
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A Unification algorithm

Let E denote a constraint store and let ρ denote a substitution. We will
follow the convention that α, β represent monomorphic types and τ represents a
meta variable and ranges over the set of types. The unification algorithm unify
takes as input a constraint store and returns a substitution. For an excellent
overview of unification, interested readers should consult [Kni89], [BS01]. Note
that this algorithm always returns an idempotent substitution. The algorithm is
described below:

unify1 : ConstraintStore → Substitution

unify (α
e
= β) ∪ E = if α = β then unify E

unify (α
e
= τ) ∪ E = if α occurs in τ then raise Failure

unify (α
e
= τ) ∪ E = unify (E[α := τ ]) ◦ {α 7→ τ}

unify (τ
e
= α) ∪ E = unify (α

e
= τ) ∪ E

unify (τ1 → τ2
e
= τ3 → τ4) ∪ E = unify (τ1

e
= τ3, τ2

e
= τ4 ∪ E)

unify ∅ = Id

B Example 3 - Derivation

y : α3, z : α5 ⊢ z : α8 → (α7 → α6) α5
e
= α8 → (α7 → α6) y : α3, z : α5 ⊢ y : α8 α3

e
= α8

y : α3, z : α5 ⊢ (z y) : α7 → α6 y : α3, z : α5 ⊢ y : α7 α3
e
= α7

y : α3, z : α5 ⊢ (z y) y : α6

y : α3 ⊢ λz.(z y) y : α4 α4
e
= α5 → α6

∅ ⊢ λy.λz.(z y) y : α1 α1
e
= α3 → α4

A

x1 : α2
∗ ⊢ x1 : α12 → α11 α2

∗ i
= α12 → α11

x1 : α2
∗ ⊢ x1 : α13 → α12 α2

∗ i
= α13 → α12 z : α10 ⊢ z : α13 α10

e
= α13

x1 : α2
∗, z : α10 ⊢ (x1 z) : α12

x1 : α2
∗, z : α10 ⊢ x1 (x1 z) : α11

x1 : α2
∗ ⊢ λz.x1 (x1 z) : α9 α9

e
= α10 → α11

B

x2 : α10
∗ ⊢ x2 : α18 → α17 α10

∗ i
= α18 → α17

x2 : α10
∗ ⊢ x2 : α19 → α18 α10

∗ i
= α19 → α18 z : α16 ⊢ z : α19 α16

e
= α19

x2 : α10
∗, z : α16 ⊢ (x2 z) : α18

x2 : α10
∗, z : α16 ⊢ x2 (x2 z) : α17

x1 : α2
∗, x2 : α10

∗ ⊢ λz.x2 (x2 z) :α14 α14
e
= α16 → α17

C

x3 : α15
∗ ⊢ x3 : α23 → α22 α15

∗ i
= α23 → α22

x3 : α15
∗ ⊢ x3 : α24 → α23 α15

∗ i
= α24 → α23 z : α21 ⊢ z : α24 α21

e
= α24

x1 : α2
∗, x2 : α10

∗, x3 : α∗
15, z : α21 ⊢ (x3 z) : α23

x1 : α2
∗, x2 : α10

∗, x3 : α∗
15, z : α21 ⊢ x3 (x3 z) : α22

x1 : α2
∗, x2 : α10

∗, x3 : α∗
15 ⊢ λz.x3 (x3 z) : α20 α20

e
= α21 → α22

D
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A

B

C

D

x4 : α21
∗ ⊢ x4 : α25 → α0 α∗

21
i
= α25 → α0

x4 : α21
∗, z : α26 ⊢ z : α27 α26

e
= α27

x4 : α21
∗ ⊢ (λz.z) : α25 α25

e
= α26 → α27

x1 : α2
∗, x2 : α10

∗, x3 : α∗
15, x4 : α21

∗ ⊢ x4(λz.z) : α0

x1 : α2
∗, x2 : α10

∗, x3 : α∗
15 ⊢ letx4 = λz.x3 (x3 z) in x4 (λz.z) :α0 α20

s
= ∅α21

∗

x1 : α2
∗, x2 : α10

∗ ⊢ letx3 = λz.x2 (x2 z) in let x4 = λz.x3 (x3 z) in x4 (λz.z) :α0 α14
s
= ∅α15

∗

x1 : α2
∗ ⊢let x2 = λz.x1 (x1 z) in let x3 = λz.x2 (x2 z) in let x4 = λz.x3 (x3 z) in x4 (λz.z) :α0 α9

s
= ∅α10

∗

∅ ⊢ let x1 = λy.λz.(z y) y in let x2 = λz.x1 (x1 z) in let x3 = λz.x2 (x2 z) in let x4 = λz.x3 (x3 z) in x4 (λz.z) :α0 α1
s
= ∅α2

∗
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