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Abstract. The task addressedhere is a dynamic search through a bound-
ed region, while avoiding multiple large obstacles, such as buildings. In
the caseof limited sensorsand communication, maintaining spatial cov-
erage{ especially after passing the obstacles{ is a challenging problem.
Here, we investigate two physics-basedapproaches to solving this task
with multiple simulated mobile robots, one basedon arti�cial forcesand
the other based on the kinetic theory of gases.The desired behavior is
achieved with both methods, and a comparison is made between them.
Becauseboth approachesare physics-based,formal assurancesabout the
multi-rob ot behavior are straightforw ard, and are included in the paper.

1 The Sweeping and Obstacle Av oidance Task

The task being addressedis that of sweeping a large group of mobile robots
through a long bounded region (a swath of land, a corridor in a building, a
city sector, or an underground passageway/tunnel), to perform a search, i.e.,
surveillance.This requiresmaximum coverage.The robots (also called \agents")
are assumedto lack any active communication capability (e.g., for stealth), and
to have a limited sensingrange for detecting other agents/ob jects. It is assumed
that robots near the corridor boundariescan detect theseboundaries,and that
all robots can sensethe global direction that they are to move. As they move,
the robots need to avoid large obstacles(e.g., buildings). This search might be
for enemy mines, survivors of a collapsedbuilding or, alternativ ely, the robots
might be patrolling the area. It is assumedthat the robots needto keepmoving,
becausethere are not enough of them to view the entire length of the region
at once. In other words, the robots begin scattered randomly at one end of the
corridor and move to the opposite end (consideredthe goal direction). This is a
\sweep." Once the robots get to the far end of the corridor, they reversetheir
goal direction and sweep again. Finally, if stealth is an issue then we would
like the individual robot movements to be unpredictable to adversaries. It is
conjectured that the behavior of a gasis most appropriate for solving this task,
i.e., each robot is modeled as a gasparticle.



2 Prior Approac hes

There are many di�eren t methods for controlling groups of autonomousagents
(swarms). Balch and Arkin [1] present a very popular approach { using behavior-
based techniques. Behavior-based control usesa layered architecture basedon
arbitration between a suite of behaviors, such as avoidance, exploration, and
planning. Although this technique has beensuccessfulin maintaining agent for-
mations while going around obstacles,unfortunately it requires a lot of active
communication and, typically, it requires small groups of heterogeneousagents
that have prespeci�ed roles.Fredslund and Matari �c [2] present another behavior
basedtechnique using local interactions to createformations and avoid obstacles.
This approach hasalready beenported to robots and experimental results show
its successesat avoiding obstaclesthat are roughly the samesize as the robots
themselves.However, no solution is presented for the challenging casewhere the
obstacle is the sizeof a city building.

Other research usesethological models such as ants or beesto control the
robots. In onesuch study [3], agents are modeledasindividual ants in the colony.
In this study, the robots leave long-term traces in the environment and require
directed graphs to be imposedonto the terrain.

The approaches to swarm control that are of interest to us are rooted in
physics. Spearsand Gordon [4] have provided a technique called physicomimet-
ics for controlling large groups of agents (modeled as particles), using virtual
physics-basedforcesto move the agents into a desired formation, e.g., a hexag-
onal lattice. This technique scaleswell to large groups of agents and usesonly
local interactions. Using physicomimetics, agent swarms do a very nice job of
staying in formation and avoiding obstacles,without the need for active com-
munication, long-rangesensing,or prespeci�ed roles [5]. Nevertheless,a problem
still existswhen the agents are presented with a very largeobstacle,e.g.,a build-
ing in a city. As the agents move around the obstacle,they are unable to detect
the agents that have chosento move around the other side of the obstacle.Be-
causeof this, they are never able to regroup and leave an exposedand uncovered
area downstream of the obstacle.The problem is that physicomimetics has tra-
ditionally been run in a mode that mimics the behavior of a crystalline solid.
Yet solids are rigid and do not expand to �ll/co ver a region. This is the reason
for investigating a gasapproach to physicomimetics.The approach of Decuyper
and Keymeulen [6] shows that a 
uid metaphor works for solving arbitrarily
complex mazes.The idea behind this research is that particles in a 
uid auto-
matically adapt to changesin the environment becauseof the 
uid's dynamics.
The research of Decuyper and Keymeulen has proven that the 
uid metaphor is
e�ectiv e, but their approach requires a global grid in order to compute the 
uid

o w through the system.Our research, on the other hand, appliesthis same
uid
metaphor, but using only local interactions.



3 Motiv ation for Gas Mo dels

Both liquids and gasesare considered
uids, but this paper focuseson gases.
Gaseso�er excellent coverage,unpredictabilit y of particle locations, and they
canbebounded.In general,
uids (gasesand liquids) areable to takethe shapeof
their container and thereforeare well suited to avoiding obstacles.Fluids are also
capable of squeezingthrough narrow passagesand then resuming full coverage
when the passageexpands. With gases,if we model a container, the gas will
eventually di�use throughout the container until it reachesan asymptotic state.
Becausegaseshave this property but liquids do not, gasesare a more natural
way to think of how to get particles around an obstacle, and why we choseto
model a gas.Once the particles have moved around an obstacle, 
uids have the
abilit y to regroup. For example,considerreleasinga gasfrom a container at the
top of a room with obstacles.The gasinside the container is slightly heavier than
the surrounding air. As the gas slowly falls to the ground, it separatesaround
obstaclesand expandsback to cover areasunder the obstacles.

Agents capableof mimicking 
uid 
o w will besuccessfulat avoiding obstacles
and moving around them quickly. By mimicking gas
o w in particular, the agents
will be able to distribute themselves throughout the volume once they have
navigated around the obstacle.

This article presents two formal gas models to solve the problem described
above, and then compares them. The �rst approach is physicomimetics, also
called arti�cial physics (AP) . The secondis kinetic theory (KT) , which models
virtual inter-particle and particle-wall collisions. Both of these approaches are
amenableto straightforward physicsanalysesfor providing behavioral assurances
of the robot collective [7], [8].

4 The Ph ysicomimetics Approac h

Spears and Gordon [4] have created the arti�cial physics (AP) framework to
control groups of autonomous agents. The goal of AP is one of reducing the
potential energy of a system. Each agent in the system experiencesa repulsive
force from other agents that are too close,and an attractiv e force from other
agents that are too far away. Theseforces,which arebasedon Newtonian physics,
do not really exist in a physical sense,but the agents react to them asif they were
real. Each agent can be described by a position vector x and a velocity vector
v. Time is maintained with the scalar variable t. The simulation can be run in
either 2D or 3D (to model swarms of micro-air vehicles).Agents in the system
update their position, x , in discrete time steps, �t . At each time step, each
agent updates its velocity, v, basedon the vector sum (resultant) of all forces
exerted on it by the environment, which includes other agents within visibilit y
range,aswell as repulsive forcesfrom obstaclesand attractiv e forcesfrom goals.
This velocity, v, determines � x , i.e., the next move of the agent. In particular,
at each time step, the position of each particle undergoes a perturbation � x .
This perturbation dependson the current velocity, i.e., � x = v�t . The velocity



of each particle at each time step also changesby � v. The change in velocity
is controlled by the force on the particle, i.e., � v = F �t=m , where m is the
massof that particle and F is the force on that particle. Note that this is the
standard, Newtonian F = ma equation.

By setting systemparametersin AP, wecan mimic solid, liquid, or gasstates,
as well as phasetransitions betweenthesestates [7]. Traditionally , AP models a
solid. To model a gaswith AP, all agents experiencepurely repulsive forcesfrom
other agents as well as from obstaclesand the side boundariesof the corridor. 3

Although AP was not designedto be an exact model of a gas, we have found
that its behavior doesa good job of mimicking a gas.

5 The Kinetic Theory Approac h

There are two main methods for modeling 
uids: the Eulerian approach, which
models the 
uid from the perspective of a �nite volume �xed in spacethrough
which the 
uid 
o ws(t ypically the method of computational 
uid dynamics), and
the Lagrangian approach, in which the frame of referencemoveswith the 
uid
volume (t ypically the kinetic theory approach) [9]. Becausewe are constructing
a model from the perspective of the agents, we choosethe latter. Kinetic theory
(KT) is typically applied to plasmas or gases,and here we model a gas. This
overview of KT borrows heavily from Garcia [10].

When modeling a gas, the number of particles is problematic, i.e., in a gas
at standard temperature and pressurethere are 2:687� 1019 particles in a cubic
centimeter. A typical solution is to employ a stochastic model that calculatesand
updates the probabilities of wherethe particles are and what their velocities are.
This is the basisof KT. One advantageof this model is that it enablesus to make
stochastic predictions, such as the averagebehavior of the ensemble. The second
advantage is that with real robots, we can implement this with probabilistic
robot actions, thereby avoiding predictabilit y of the individual agent.

In KT, particles are treated as possessingno potential energy (i.e., an ideal
gas), and collisions with other particles are modeled as purely elastic collisions
that maintain conservation of momentum. Using some of the formulas for ki-
netic theory, we can obtain useful properties of the system. If we allow k to be
Boltzmann's constant, such that k = 1:38 � 10� 23 J/K, m to be the mass of
the particle, and T to be the temperature of the system, then we can de�ne the
averagespeedof any given particle (in 3D) as,

hvi =
Z 1

0
vf (v)dv =

2
p

2
p

�

r
kT
m

where f (v) is the probabilit y density function for speed.
Another property we can de�ne for KT is the averagekinetic energy of the

particles:

hK i = h
1
2

mv2i =
3
2

kT

3 A frictional force is also included in the AP solid model, but is excluded in gas AP.



Using KT, we are able to model di�eren t typesof 
uid 
o w. For our simula-
tions, we modeled2D Couette 
o w. The original code for this one-sidedCouette

o w is a translation of code from Garcia [10] to the Java programming language.
Figure 1 shows a schematic for this one-sidedCouette 
o w, where we have a

uid moving between two walls { one wall moving with velocity vwall , and the
other stationary. Becausethe 
uid is a Newtonian 
uid and hasviscosity, we see
a linear velocity pro�le acrossthe system. Fluid deformation occurs becauseof
the sheerstress� , and wall velocity is transferred becauseof molecular friction
on the particles that strike the wall. On the other hand, the particles that strike
the non-moving wall will transfer some of their velocity to it. This does not
causethe wall to move, since in a Couette 
o w the walls are assumedto have
in�nite length and therefore in�nite mass.We chosea Couette 
o w so that we
can intro duceenergy into the systemand give the particles a direction to move.
This e�ect is similar to AP modeling a goal force.

Fig. 1. Schematic for a Couette 
o w

The main di�er ences between AP and KT are: (1) AP deals with forces. KT
deals only with the resulting velocity vectors. (2) With the current force law used
by AP, interactions are \soft collisions," i.e., repulsiveforces causesmall devi-
ations in agent velocities. In KT, collisions causeradical, probabilistic changes
in agentvelocities. (3) For a given set of starting locations, AP is deterministic,
whereas KT is stochastic.

6 Implemen tation

We created a 2D simulation world with a pair of corridor walls (which can be
consideredCouette walls), obstacles,and agents (modeledasgasparticles). The

uid 
o w is unsteady with no turbulence, i.e., unsteady laminar 
o w.

First, we describe our AP gasapproach, in which motion is due to attractiv e
and repulsive forces.Recall that AP usesvirtual Newtonian force laws.The force
law used is:

F = jF j =
Gm1m2

r 2 (1)



where G is a gravitational constant 4, m1 and m2 are the masses,and r is the
distancebetweenthe agent and another object/agent. For a robotic implementa-
tion, there is a maximum possibleforce, Fmax , i.e., F � Fmax always. The value
of Fmax usedin our simulations is 1.5. The parameter G is set at initialization of
the program. To maintain a desireddistance, R, betweenagents in an AP solid,
this force is repulsive if r < R and attractiv e if r > R. For an AP gas, the force
is always repulsive. Each agent hasonesensorto detect the rangeand bearing to
nearby agents, and onee�ector to move with velocity v . To make the simulation
a realistic model of robots, agents can only detect other agents/ob jects within a
limited range, namely, 1.5R. Our implementation assumesR = 50.

The corridor and obstaclewall forcesare purely repulsive. For AP, the large-
scale
uid motion is driven by an attractiv e goal force at oneend of the corridor.
Di�eren t force constants, G, are allowable for inter-agent forcesand agent-wall
forces.However, this paper assumesthe sameG, namely, 1,200.Note that if the
forcesfor avoidanceof an obstacleare equal to the attractiv e forcesfelt by the
goal, the particles reach a stagnation point at the intersection with the obstacle
{ becauseall of the forcesfelt by the particle are in balance.To overcomethis
situation, when a particle experiencesa repulsive force from an obstacleor wall
that is the samein magnitude but in the opposite direction of the goal force, the
particle translates this into a tangential repulsive force. When choosingan angle
for the tangential force we must be careful to keep the particle from reaching
a stagnation point and keep the particle from moving through the obstacle.
Rotating the angle by 45� producesthis result nicely. In particular, if the angle
of the force is 180� then the anglefor this forcebecomes135� or 225� , depending
on the direction chosenby the robot.

In parallel with the AP approach, we have also implemented the KT ap-
proach. Our KT approach models a modi�ed (two-sided) Couette 
o w in which
both Couette walls are moving in the samedirection with the samespeed. We
invented this variant as a means of propelling all agents in a desired general
direction, i.e., the large-scale
uid motion becomesthat of the walls. Particle ve-
locities start randomly and remain constant, unlesscollisions occur. (Note that
with actual robots, collisions would be virtual, i.e., they would be consideredto
occur when the agents get too close.Wall motion would also be virtual.) The
systemupdates the world in discrete time steps,�t . We choosethesetime steps
to occur on the order of the meancollision time for any given agent. Each agent
can be described by a position vector x and a velocity vector v. At each time
step, the position of every agent is reset basedon how far it could move in the
given time step and its current velocity:

x  x + v�t :

This is done for every agent in the system, and positions are updated re-
gardlessof walls and obstaclesas well as other agents. Once the current agent's
position has beenupdated, a check is performed to seeif that agent has moved

4 G is not related to actual gravit y (which is purely attractiv e), but is a force constant
used in the system.



through a wall (including an obstaclewall), in which casethe position needsto
be reset as if a collision occurred. If the agent strikesa moving wall, then some
of the energy from the wall is transferred to the agent. This e�ect models the
molecular friction of the 
uid and speedsup the agent. The agent's position is
reset as a biasedMaxwellian distribution, basedon where the agent strikes the
wall and how far the agent would have been able to move if the wall were not
there. On actual robots, wall collision detection will be done prior to moving. If
the robot will intersect with the wall on its next move, then it determinesits new
position basedon a collision, rather than actually colliding with the wall. Once
all agents have moved and their positions have been reset based on collisions
with the walls, inter-agent collisions are processed.The number of collisions in
any given region is a stochastic function of the number of agents in that region
(see[10] for details). This processcontinues inde�nitely or until a desiredstate
has beenreached.

We have just described the KT approach to modeling Couette 
o w, modi-
�ed with a two-sidedCouette. We next intro duce obstaclesinto the world, and
considerdi�eren t methods for modeling interactions with obstaclewalls.

For one, we could usea KT approach that treats the obstacleboundariesas
stationary walls, and processescollisions the sameas is donewith Couette walls.
Unfortunately , in the pure KT approach, agents do not perceive the location of
an obstacle until they have collided with it. When colliding with an obstacle,
the velocity of the particle o� the obstacleis distributed Maxwellian in the goal
direction and Gaussianin the lateral direction (i.e., orthogonal to the longitudi-
nal goal direction). This producesexcellent results when steady state is reached.
A problem arises,however, sincewe are not modeling a steady state 
uid 
o w.
If we were given a steady 
o w, agents in the system would collide with other
agents coming down the 
o w and through collisions would be pushed around
the obstacle. Since 
o w is unsteady, one of the last agents in the system (i.e.,
upstream from all the other agents) could strike an obstacle and end up going
in the opposite direction with no mechanism to turn it around.

The traditional AP (solid) approach to obstacle avoidance does extremely
well at navigating around obstacles.Unfortunately , the AP solid approach does
not maintain a good coverageof the environment once the particles have navi-
gated around the obstacle.Figure 2 shows this in simulation. However, the AP
gasapproach (with repulsion only) is able to navigate around obstaclesand re-
tain good coverage,seeFig. 2. A question remains, nonetheless,as to whether
we could do even better by combining AP and KT.

To addressthis question, we created a hybrid AP/KT algorithm, in which
wall collisions generate large-scalemotion, AP repulsive forces enable obstacle
avoidance, and KT is responsible for agent-agent interactions. By treating the
obstacleasa repulsive force, the agents softly bounceo� the obstaclewalls. This
forcecausesthe agent to turn, thereby allowing more particles to make it around
the obstacle.Sincethe particles turn softly, they are more likely to hit oneof the
moving walls and continue in the direction of the 
o w until they have made it
around the obstacle.We are able to achieve an even distribution of particles past



A.

B.

Fig. 2. AP controllers perform a sweep. A. AP solid B. AP gas



the obstacle with this hybrid, as well as increasethe number of particles that
make it past in a shorter amount of time. Figure 3 shows the hybrid approach.
Note that numerousalternativ ehybrids of AP and KT are possible;investigation
of theseothers will be a topic for future research.

A.

B.

Fig. 3. KT controllers perform a sweep. A. KT B. AP/KT hybrid

7 Exp erimen tal Results

To discover the strengths and weaknessesof each of our four methods (AP solid,
AP gas, KT gas, and the AP/KT gas hybrid), we ran numerous empirical ex-
periments with the simulator. Typical results are shown in Figures 2 and 3.
In these�gure, particles begin at the top and move to the bottom (which is the
goal direction). The y-axis is vertical and the x-axis is horizontal. Our starting



point wasthe AP solid approach to obstacleavoidance.Agent formations stayed
intact with this approach, but coveragewas very poor. AP gas yielded results
far better than AP solid for coveragebehind the obstacles(Fig. 2).

Like AP gas, pure KT has yielded excellent coverage. However, problems
arosewith KT becauseof the unsteady 
uid 
o w, as discussedabove. Further-
more, becauseof the unsteady nature of the 
o w, it typically took longer for the
entire group of KT particles to get around all of the obstacles(if they were able
to do so) than for AP particles to get around the obstacles.

Recall that the hybrid AP/KT approach avoids stagnation points. Other
di�culties arisefor the AP/KT method. One di�cult y ariseswhen two obstacles
are very closetogether, i.e., su�cien tly closethat the forcesexerted from them
are able to dominate the goal forcesand inter-particle forces.This leavesus with
unexplored areas inside our corridor of obstacles (Fig. 4). All methods using
force laws had problems dealing with this situation.

Fig. 4. Obstacle �eld that has a narrow corridor within. The force-basedmethods will
be unable to explore this area

We have alsoencountered another potential problem for the KT approaches.
The problem does not appear to be due to agent-agent interactions. Rather,
the problem arises when trying to addressboth the large-scalemovement and
avoidance of multiple obstacles. We notice this when the obstacle density is
increasedbetweenthe walls. Becausethe KT methodsusecollisionswith Couette
walls for propulsion in a goal direction, the width of the region between these
walls determines the coverageof the world. In particular, if the walls contain a
group of obstaclesseveral layers abreast, we cannot guarantee that the central
region of the Couette, far from the walls, will be coveredby the agents. The pure
AP models do not have this problem.

In summary, AP solid has very poor coverage,whereasall of the gasmodels
produceexcellent coverage,which rea�rms our motivation for choosinggasmod-
els.AP and AP/KT hybrid are better than KT for navigating around obstacles,
although they have greater di�cult y navigating through narrow corridors.



8 Theoretical Predictions

Oneof the key bene�ts of usinga physics-basedmulti-agent systemis that exten-
sive theoretical (formal) analysis tools already exist for making predictions and
guaranteesabout the behavior of the system. Furthermore, such analyseshave
the added bene�t that their results can be used for setting system parameters
for achieving desiredmulti-agent behavior. The advantagesof this are enormous
{ one can transition directly from theory to a successfulrobot demo, without
all the usual parameter tweaking. For an example of such a success(using AP
solid), see[5]. To demonstrate the feasibility of applying physics-basedanalysis
techniques to physics-basedsystems,we make predictions that support someof
our claims regarding the suitabilit y of gasmodels for our surveillance task.

Before describing the experiments, let us �rst present the metric used for
measuringerror between the theoretical predictions and the simulation results.
Relative error is used,which is de�ned as:

j theoretical � actual j
theoretical

For each experiment, oneparameter wasperturb ed (eight di�eren t valuesof the
a�ected parameter were chosen). For each parameter value, 20 di�eren t runs
through the simulator were executed, each with di�eren t random initial agent
positions and velocities. The averagerelative error (over the 20 runs) and the
standard deviation from the averagewere determined from this sample.

Next, consider the experiments. Recall that our objectives are to sweep a
corridor and to avoid obstaclesalong the way. A third objective for the swarm
of agents is that of coverage.We de�ne two types of coverage:longitudinal (in
the goal direction) and lateral (orthogonal to the goal direction). Longitudinal
coveragecan be achieved by movement of the swarm in the goal direction; lat-
eral coveragecan be achieved by a uniform spatial distribution of the robots
between the side walls. The objective of the surveillance task is to maximize
both longitudinal and lateral coveragein the minimum possibletime. The num-
ber of particles, initial distribution of particles, and termination criterion are
determined individually for each experiment, basedon earlier studies.

To measurehow well the robots achieve the task objective, we observe:

1. The distribution of velocities of all agents in the corridor. This is a
measureof both sweep time and total coverage(i.e., a wide distri-
bution typically implies greater coverageof the corridor length and
width).

2. The degreeto which the spatial distribution of the robots matches
a uniform distribution. This is a measureof lateral coverageof the
corridor

3. The averageagent speed (averagedover all agents in the corridor).
This is a measureof total coverage.

Measurement of each of thesethree aspects of the system(velocity distribution,
spatial distribution, averagespeed)correspondsto each of our three experiments.



Recall (above) that for each experiment, we vary the value of oneparameter.The
reasonfor varying such parametervaluesis to allow a systemdesignerto optimize
the design { by understanding the tradeo�s involved. In other words, we have
observed that there is a tradeo� between the degreesof longitudinal coverage,
lateral coverage,and sweepspeed{ greatersatisfaction of onecan leadto reduced
satisfaction of the others, making this a Pareto-optimization task. By varying
parameter values and showing the resulting velocity and spatial distributions
and average speed, a system designer can choose the parameter values that
yield desiredsystemperformance.Finally, why show both theory and simulation
results for each experiment and each parameter value? Our rationale is that it
is far easierfor a system designerto work with the theory when deciding what
parameter valuesto choosefor the system.The designercan do this if the theory
is predictive of the system. In our experimental results below, we show that the
theory is indeed predictive of experimental results using our simulation.

For the sake of simplicit y, in these experiments we use a subtask of our
complete surveillance task. None of the experiments involve obstacles.For the
�rst experiment, the agents are placed uniformly along the beginning of a long
corridor and allowed to perform onesweep.In the secondexperiment, the agents
are placed in a squarecontainer in an initially tight Gaussiandistribution and
allowedto di�use to an asymptotic state. For the �nal experiment, the agents are
placed at the beginning of a long corridor onceagain, and allowed to run for a
predeterminednumber of time steps,after which the averagespeedis measured.
In the secondand third experiments, there is no goal force or wall movement,
and therefore there is no directed bulk movement (transport) of the swarm.

8.1 Exp erimen t 1: Velocit y Distribution

The �rst theoretical prediction for our systemis devoted to longitudinal coverage
and sweepspeedvia movement. The theory predicts the velocity distribution for
each of the approaches, AP and KT. It is assumedthat 
uid 
o w is in the
y-direction (downward toward the goal), as in Fig. 2.

Recall that the AP approach is an implementation of F = ma. Assuming
Fy = g, where g is the magnitude of the goal force, which is constant for all
particles and is strictly in the goal direction, and assuming m = 1 (which is
assumedthroughout this paper), we have the following derivation (where vy is
the magnitude of the velocity in the y-direction, and vx is assumedto be 0):

g =
dvy

dt

g � dt = dvy

g
Z

dt =
Z

dvy

g � t = vy

vy = gt



This shows that the velocity in the direction of the goal is just the force of the
goal times the amount of time that has elapsed.We set up an experiment using
this theoretical formula to determine the relative error for our experiments. The
experiment placed500agents in the simulator and terminated in 100time steps,
sinceby this time the agents reach the maximum velocity that can be achieved
on real robots. The parameter being varied is the goal force. The results are
plotted in Fig. 5, and the relative error is roughly 1%.
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Fig. 5. Relativ e Error for Goal-Velocity (Prediction 1)

For KT, a traditional one-sidedCouette drives the bulk swarm movement.
The complete derivation for the velocity pro�le of a Couette 
o w can be found
in [9] (pages417{420), but here we present a more conciseversion.

For steady, 2D 
o w with no external forces, there is a classical \Go verning
Equation" that predicts the y-direction momentum of the 
uid. This Governing
Equation is:

�v y
@vy

@y
+ �v x

@vy

@x
= �

@P
@y

+
@� yy

@y
+

@� xy

@x

where � is the 
uid density, vx and vy are the x- and y-components of velocity,
P is the 
uid pressure, and � yy and � xy are the normal and shear stresses,
respectively. We can use this equation for momentum to derive the velocity.
However, �rst we need to specialize the equation for our particular situation.
For Couette 
o w, the equation becomes:

0 =
@
@x

(�
@vy

@x
)

where� is the 
uid viscosity. Assumingan incompressible,constant temperature

o w with constant viscosity, this becomes:

@2vy

@x2 = 0 (2)



Equation 2 is the Governing Equation for steady, 2D, incompressible,constant
temperature Couette 
o w. Integrating twice with respect to x to �nd vy , we get:

vy = c1x + c2 (3)

We can solve for c1 and c2 from the boundary conditions. In particular, at
the stationary Couette wall (x = 0), vy = 0, which implies that c2 = 0 from
Equation 3. At the moving wall (x = D), vy = vwall , where D is the Couette
width and vwall is the velocity of the moving wall, which is in the y-direction
(toward the goal). Then c1 = vwall =D from Equation 3.

Substituting thesevaluesfor c1 and c2 back into Equation 3, we get:

vy

vwall
=

x
D

This is a linear pro�le.
We set up an experiment to measure the relative error generated by our

simulation, with each particle behaving as if it were part of a one-sidedCouette

o w. Each experiment contained 3,000particles, and ran for 50,000time steps.
When determining the error, we divided the world into seven discrete cells. For
each cell, we determined the averagevelocity of the particles located in that cell.
The relative error was averagedacrossall cells and plotted in Fig. 5 for eight
di�eren t wall speeds.One can seethat the error is below 20%, with a reduction
in error for KT as the wall speedis increased.Note that the original algorithms
from Garcia [10] also have error between theory and simulation that is slightly
below 20%. Reasonsfor this discrepancy between theory and simulation are
elaborated in the discussionsection below. When determining the longitudinal
coveragevia swarm movement, we are able to predict very accurately for both
algorithms in the simple scenario,except at slow wall speedsfor KT.

8.2 Exp erimen t 2: Spatial Distribution

For the secondexperiment, we predict the lateral coveragevia the spatial distri-
bution. For this experiment, there is neither a goal direction nor obstacles.The
agents' task is to di�use throughout the system. The theory for each approach
in gas formation predicts a uniform distribution throughout the system. For
the experimental setup, we measuredthe distance from the uniform distribution
oncethe gasreached an asymptotic state. Therefore, we divided our systeminto
discrete cells and counted the number of particles in each cell. Theory predicts
that the number of particles in each cell should be n=c, where n is the total
number of particles and c is the total number of grid cells that cover our system.

Our experimental system serves as a simple container to hold a gas. The
gasshould di�use within the container until it reachesan asymptotic state and
contains equal numbers of particles in each cell. We allowed the system several
thousand time steps,starting from a tight Gaussiandistribution about the center
of the container, to reach this state and then measuredthe number of particles in
each cell. This measurement was averagedover many time steps,sinceparticles
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Fig. 6. Relativ e Error for Uniform Distribution (Prediction 2)

werestill moving through the systemand di�usion did not imply particles ceased
to move. Both experiments were the samefor AP and KT, and the results can
be found in Fig. 6. In both cases,the parameter being varied is the number of
particles. Onceagain, we are able to predict the spatial distribution with relative
error lessthan 20%.

There is a noticeabledownward trend for the relative error in the AP system
as more particles are added to the system. Recall that in AP we use forces to
a�ect other particles as well as forcesfrom the walls to keepthe particles inside
the simulation. This requiresthat particles have a desiredradius such that when
another particle enters this radius, it is repelled away. As more particles are
added to the simulation, the spaceis �lled with particles that are constantly
pushing each other away and moving into the only formation that will allow
them all to �t, which is a uniform distribution.

8.3 Exp erimen t 3: Av erage Speed

For the third experiment, we predict the averagespeed of the particles in the
system. The averagespeedof the particles servesas a measureof how well the
system will be able to achieve complete coverage,becausehigher speed implies
greater coverage. The derivation for AP's prediction of average speed begins
with a theoretical formula for AP system potential energy (PE) from [11]. This
theory assumesthat the particles start in a cluster of radius 0. There are two
di�eren t situations, depending on the radial extent to which Fmax dominates
the force law F = ma. Recall that agents use Fmax when F > Fmax . This

occurs when G
r 2 > Fmax or, equivalently , r �

q
G

Fmax
� R0. The �rst situation

is when Fmax is used only at close distances, i.e., when 0 � R0 � 1:5R. The
secondsituation occurswhen R0 > 1:5R. Here we assumethe �rst situation, i.e.,
a low value of G is usedsuch that G � Fmax (1:5R)2, and Fmax is only usedat
closedistances.Becausewe are using AP gas, there is no friction and all forces
are repulsive. We begin with a two-particle system. In this case,the formula is
the sum of two integrals. The �rst represents the force felt by one particle as it



approachesanother, from a distanceof 1.5R to R0. The secondis the force Fmax

that is experiencedwhen 0 � r � R0. Then, using R0 as de�ned above, with r
the inter-agent distance, we have (V is the standard symbol for PE):

PE = V =
Z R 0

0
Fmax dr +

Z 1:5R

R 0

G
r 2 dr

= Fmax R0 + G
Z 1:5R

R 0
r � 2dr

= Fmax R0 + G(� r � 1)j1:5R
R 0

= Fmax R0 + G
�

�
1

1:5R
+

1
R0

�

=
p

GFmax + G

 r
Fmax

G
�

1
1:5R

!

becauseR0 =

r
G

Fmax

=
p

GFmax +
p

GFmax �
�

G
1:5R

�

= 2
p

GFmax �
�

G
1:5R

�

Now we generalizeV to N particles. VN is our abbreviation for total potential
energy, and

VN =
N � 1X

i =0

iV =
V N (N � 1)

2

Note that all the potential energy transforms into kinetic energy (since there is
no friction energy dissipation), i.e., VN ! K E . Also, the total kinetic energy,
KE, is equal to 1

2

P N
i =1 (v(i )) 2, assumingm=1 and v(i ) is the speedof particle i .

This formula for KE is equal to N
2 hv2i , where hv2i is the averageof the particle

speedssquared.
Setting VN = KE, we get:

V N (N � 1)
2

=
N
2

hv2 i

V (N � 1) = hv2i

Substituting for V we get

hv2 i = V (N � 1) = (N � 1)
�
2
p

GFmax �
�

G
1:5R

��

From [12], we know that the relationship betweenhvi and hv2 i is the following:

hvi =
p

hv2 i � � 2



where � 2 is the variance of the velocity distribution. However, becausethe vari-
ance of the velocity distribution is not typically available when making a the-
oretical prediction, one approximation (which is an upper bound on the true
theoretical formula becauseit assumes0 variance) that we can use is:

hvi �
p

hv2i =

s

(N � 1)
�
2
p

GFmax �
�

G
1:5R

��
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Fig. 7. Relativ e Error for AverageSpeed (Prediction 3)

Using this equation for AP, we ran through the experiments (starting with
the particles in a tight cluster to match the theory), allowed the gasto reach an
asymptotic state, and measuredthe relative error. For each experiment, there
were100agents in the system.The total number of time stepsrequired to reach
this asymptotic state is di�eren t for each value of G since it requires that the
agents are no longer interacting with each other. This terminating state can be
found when all the agents have ceasedto change their velocity. The parameter
being varied is the gravitational force, G. As seenin Fig. 7, the error is lessthan
6%. Furthermore, if the system designer has any clue as to what variance to
expect in speeds,the theoretical prediction will be greatly improved.

In addition to verifying the formula for hvi , we also veri�ed the predictive-
nessof the formula above for hv2 i , which is precisebecauseit doesnot involve
variance. The relative error in this caseis less than 0.07% for all values of G,
which is extremely low.

We next show how we derive a KT formula for averagespeed by modify-
ing the derivation for 3D hvi in [10] to a 2D formula for hvi (so it applies to
our simulation). Assuming a system in thermodynamic equilibrium (since there
is no bulk transport), with velocity components within the ranges vx + dvx

and vy + dvy , and k is Boltzmann's constant, m is the particle mass,v is the
magnitude of the particle velocity (i.e., the particle speed), and T is the initial
system temperature (a simple, settable system parameter), then the probabil-



it y, f (vx ; vy )dvx dvy , that a particle has velocity components in these rangesis
proportional to e( � mv 2 =2kT ) dvx dvy . In particular, we have:

f (vx ; vy )dvx dvy = Ae( � mv 2 =2kT ) dvx dvy = Ae( � mv x
2 =2kT ) e( � mv y

2 =2kT ) dvx dvy

becausev2 = vx
2 + vy

2, and A is a normalization constant that is �xed by the
requirement that the integral of the probabilit y over all possiblestates must be
equal to 1, i.e.,

Z 1

0
f (vx ; vy )dvx dvy = 1

Therefore,

A =
1

R1
0 e( � mv x

2 =2kT ) dvx
R1

0 e( � mv y
2 =2kT ) dvy

To simplify the expressionfor A, wecanusethe fact (from pages40-46of [13])
that:

Z 1

0
e( � mv x

2 =2kT ) dvx =

r
2� kT

m

and then do likewisefor vy . Therefore:

f (vx ; vy )dvx dvy =
� m

2� kT

�
(e( � m (vx

2 + vy
2 )=2kT ) )dvx dvy

where m
2� kT is A.

Note, however, that f (vx ; vy )dvx dvy is a probabilit y for a velocity vector, but
we want averagespeed. To get averagespeed, the math is easier if we go from
Cartesian to polar coordinates. In particular, to go from velocity to speed, we
integrate over all angles.

In polar coordinates, 2� vdv is the area of extension(annulus) due to �v . In
other words, the area of an annulus whoseinner radius is v and outer radius is
v + dv is 2� vdv. Then the Maxwell-Boltzmann distribution of speeds,f (v)dv, is
obtained by integrating the velocity distribution, f (vx ; vy )dvx dvy , over all angles
from 0 to 2� . This integration yields:

f (v)dv = 2� v
� m

2� kT

�
(e( � mv 2 =2kT ) )dv

Canceling terms, the right-hand side becomes:

= v
� m

kT

�
(e( � mv 2 =2kT ) )dv

Becausehvi is an expected value,

hvi =
Z 1

0
vf (v)dv =

m
kT

Z 1

0
v2(e( � mv 2 =2kT ) )dv



From [14](page609), we know that
R1

0 e� ax 2
x2dx = 1

4

p
� a� 3

2 . Substituting v
for x and m

2kT for a, we get:

hvi =
� m

kT

�
I (2) =

1
4

r
8� kT

m

Onceagain, we set up an experiment to measurethe actual averagespeedof
the particles in the system.We allowed the systemto convergeto an asymptotic
state for 50,000 time steps measuring the averagespeed. For each of the 500
particles in the system,we found the averagespeed,hvi . This speedwasusedto
�nd the relative error for the system.Sincetemperature driveschangesin speed,
we varied the temperature. Note that by setting T, a systemdesignercan easily
achieve desired behavior. The results can be found in Fig. 7 for the di�eren t
temperatures. Our abilit y to predict the averagespeedof the particles is shown,
by errors lessthan 10%.

9 Theoretical Predictions: Discussion

We are capableof predicting three di�eren t properties of the system,all of which
a�ect coverage,with an accuracy of less than 20% error, and most with error
lessthan 10%. A 10% error is low for a theoretical prediction.

By looking at the relative error graphs of both the AP and KT approaches,
one notices that the AP error is always lower than that of KT (except in the
case of hvi , where the AP formula is a rough approximation). In fact, only
KT gets 20% errors { AP errors are always substantially lower than 20%. Our
rationale for AP having lower errors betweentheory and simulation is that AP
usesa deterministic agent-positioning algorithm, whereasKT usesa stochastic
algorithm for updating particle positions. Therefore, AP predictions are precise,
whereasKT predictions are only approximate. Furthermore, as stated in [10],
Monte Carlo simulations such as KT needvery long runs and huge numbers of
particles to acquire enough statistical data to produce accurate (theoretically
predictable) results. We cannot guarantee this, since we are developing control
algorithms for robotic swarms with a few to a few thousand robots. Therefore,
our experiments show a higher error than desiredfor a Monte Carlo method but
they are realistic for real-world swarms.

In conclusion,there appearsto bea tradeo�. AP systemsaremorepredictable
{ both on the macroscopicswarm level and on the level of individual agents.
Therefore, if swarm predictabilit y is a higher priorit y, then AP is preferable.On
the other hand, if it is important that individual agents not be predictable (e.g.,
to an enemy), then KT is preferable.

10 Future Work

The next step is to develop a theory for the full surveillance task. Once this
theory is complete, experiments needto be run to test all approaches:AP, KT,



and various AP/KT hybrids. We plan to run numerousexperiments to measure
coverage versus time and determine which of the algorithms outperforms the
others. Once that is complete, the next step is to port these approaches to
our laboratory mobile robots. The solid AP approach has already beenported.
Transitioning to AP gaswill be straightforward. Wewill needto determine,using
a more realistic robot simulator, how di�cult (or easy) it will be to port KT to
the actual robots.
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